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@ The theory of orthogonal matrix polynomials (OMP) was
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@ The theory of orthogonal matrix polynomials (OMP) was
introduced by Krefn in 1949.

e Equivalence between (P,),, orthonormal w. r. t. W

(Pos Pr)w = / Po(t) W(E) P2 (8) dt = Suml,  1,m >0
R

Applications

and a Jacobi (block tridiagonal) operator

By A
AL B A
L= Ay By Ag

tPn(t) = Apnt1Pns1(t) + BaPa(t) + ALPr—1(t), n>0

e Systematically studied in the last 15 years.
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PRELIMINARIES 11

o (Duran, 1997) Find all families of OMP (P,), such that
P,D = P/(t)Fa(t) + P (t)F1(t) + Pn(t)Fo(t) =T ,Ps(t), n=> 0 |

e D is symmetric if (PD, Q)w = (P, @D)w, P, Q matrix
polynomials.
o Generating examples:

SYMMETRY EQUATIONS

FoW = WF3
2(RW) = RW + WFT,
(F,W)" — (RW) + FoW = WF§

Matrix spherical functions associated with
Pn(C) = SU(N + 1)/U(N)
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NEW PHENOMENA

Several linearly independent second-order differential operators for
a fixed family of OMP.
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NEW PHENOMENA

Several linearly independent second-order differential operators for
a fixed family of OMP. J

Richer behavior of the algebra of differential operators having a
fixed family of OMP as eigenfunctions (usually non-commutative). J

OMP satisfying odd order differential operators (even first order). J




e For a fixed second-order differential operator D, there can be

more than one family of linearly independent (monic) OMP
(Pn)n. v > 0, having them as eigenfunctions
Pnt’\ﬂ/D o rnPnzAH

n=20,1
@ It happens that

.....

vy > 07
'Dn,", 1 W“F'\,’(stOM, v > 0.
@ Scalar case: Not possible for second-order = Fourth order:

Laguerre type et + Mdy
Legendre type 1 + Md_1 + Né;
Jacobi type (1 — t)* + Mdp
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GOAL

e For a fixed second-order differential operator D, there can be
more than one family of linearly independent (monic) OMP
(Pny)n. v > 0, having them as eigenfunctions

PoyD =TpPny, n=0,1,..., 7>0, J
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GOAL

e For a fixed second-order differential operator D, there can be
more than one family of linearly independent (monic) OMP
(Pny)n. v > 0, having them as eigenfunctions

PoyD =TpPny, n=0,1,..., 7>0, |

@ It happens that

Poy L W +48,M, v > 0. J

@ Scalar case: Not possible for second-order = Fourth order:

Laguerre type et + Mdg
Legendre type 1 + Md_1 + Ny
Jacobi type (1 — t)* + Mdg




Introduction and purpose Method Examples Applications

How TO GET EXAMPLES?

Let W(t) be a weight matrix and D = 9?F,(t) + ' Fy(t) + °F.
If there exists a positive semidefinite M satisfying



Introduction and purpose Method Examples Applications

How TO GET EXAMPLES?

Let W(t) be a weight matrix and D = 9?F,(t) + ' Fy(t) + °F.
If there exists a positive semidefinite M satisfying

SUFFICIENT CONDITIONS

Fz(to)/\/’: 0,
Fl(tO)M =Y
FoM = MF;




Introduction and purpose Method Examples Applications

How TO GET EXAMPLES?

Let W(t) be a weight matrix and D = 9?F,(t) + ' Fy(t) + °F.
If there exists a positive semidefinite M satisfying

SUFFICIENT CONDITIONS

Fg(to)M = 0,
Fl(to)/\/’ = 0,
FoM = MF;

then

D is symmetric w.r.t. W(t)
g
D is symmetric w.r.t. W(t) = W(t) + 0, (t)M.
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I 2 o

Wa(t):e_t2< . 1), teR, acR\{0} J
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I 2 o
at 1

Wa(t):e_t2< ) teR, acR\{0}

to € R.

/ 242
Y — (‘P?;,a atg = /4 + a°ty

1 1/go$,a> ) Pat = 2

2A
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EXAMPLES WITH tyg € R

2.2
Wa(t):et2<l+a‘zt "1t> teR, acR\{0}.

+ aty £ (/4 + %3
1 0 0
M = <g0t073 ) , gpito = to € R.

1 1/pf, 2

D.. — &2 (—cpjto +atg —at —1— (a%to)t + a2t2>
a,tp —

-1 —pF 4, + at
Lot <—2a +2pF .t —2to — 2apF, +2(2+ a2)t>
2ty 2(99?,1@ — ato)t

2 2
+8° <‘P§to4+ 23 2 2l ) .
? _(pa’to - 2;0




EXAMPLES WITH ty € R

o The sequences (P, ), orthogonal w.r.t.

Wa(t) + v0s (E)M, v >0
satisfy

Pna'yDa)tO = rn,a,to Pna’Y’

n>0

DA
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EXAMPLES WITH tyg € R

o The sequences (P, ), orthogonal w.r.t.

Wa(t) + 100 ()M, 5 >0 J

satisfy

Pn,'yDa,to — rn,a,tOPn,'ya n Z 0 J

@ In this group, 2 more weight matrices

Waalt) = tae—f<f2+a2(tf1)2 a(tfl))

a(t—1) 1
L k2 +B—k+1 (B—k+1)(1—1t)
Wopk(t) = t*(1- )’ ((5 —k+1)(1—-t) (B—k+1)(1-1t)? )

a,f>—-1,aeR\{0},0< k< f+1.



EXAMPLE WITH t; =0

W(t) = 1%t <t(1 + a°t) at

at 1

), t €(0,00), a > -1, a€ R\{0}

DA



EXAMPLE WITH t; =0

2
W(t) = toet <t(1 + a’t) at
at 1

), t €(0,0), a > -1, a € R\{0}
_ (F(1+a)? a(l+a)
M_<a(1—|—a)

L)

DA
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EXAMPLE WITH t; =0

W(t) = 1%t (t(l + a°t) at) e

at 1

Examples Applications

(0,00), @ > —1, a € R\{0}

_ (P +a)?
M= ( a(1+ )

a(l+a)

v

L)

a2 0 —at2 1 t
D=0 (0 _t>+a (%

_ (14a%(a+3))t
—(a+1)

a®+1
+0° | 2
(3

a

_ (1+a%)(a+1)
0
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THE ONE STEP EXAMPLE LOCATED AT tp =0

o kt+6—k+1 (1-t)(B—k+1)
WD =1 -0’ <(1—t)(ﬁ—k+1) (1—t)2(ﬂ—k+1)>

te(0,1), a,f>-1, 0< k< (+1
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THE ONE STEP EXAMPLE LOCATED AT tp =0

o kt+6—k+1 (1-t)(B—k+1)
WD =1 -0’ ((1—t)(ﬁ—k+1) (1—t)2(ﬁ—k+1))

te(0,1), a,f>-1, 0< k< (+1

(a+B8—k+2)?  a+B—k+2
M- ( Gy ) J

a+G—k+2 1
B—k+1
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THE ONE STEP EXAMPLE LOCATED AT tp =0

o kt+6—k+1 (1-t)(B—k+1)
W(t) =1 - 1) <(1—t)(ﬁ—k—|—1) (1—t)2(ﬂ—k+1)>

€(0,1), a,f>-1,0< k< (+1.

(a+B—k+2)?>  atf—k+2
M= B-kt1)? f—k+1

a+(—k+2 1
B—k+1

_ 0 0 —B+k—-1 —pB+k-1
D_azﬁ-dl—ﬂ)+alKa+ﬂ—k+2 a+ﬁ—k+2>

+t <8 —(ﬁa_+kﬁ++14)>] +° <8 (1(;t j/:)a(f 3 f: fz)) '




Introduction and purpose Method Examples Applications

APPLICATIONS

QUANTUM MECHANICS

[Duran and Griinbaum, 2006] P A M Dirac meets M G Krein:

matrix orthogonal polynomials and Dirac s equation, J. Phys. A:
Math. Gen. (2006).
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[Duran and Griinbaum, 2006] P A M Dirac meets M G Krein:
matrix orthogonal polynomials and Dirac s equation, J. Phys. A:

Math. Gen. (2006).

TIME-AND-BAND LIMITING

[Durdn and Griinbaum, 2005] A survey on orthogonal matrix
polynomials satisfying second order differential equations, J.
Comput. Appl. Math. (2005).
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APPLICATIONS

QUANTUM MECHANICS

[Duran and Griinbaum, 2006] P A M Dirac meets M G Krein:
matrix orthogonal polynomials and Dirac ’s equation, J. Phys. A:
Math. Gen. (2006).

TIME-AND-BAND LIMITING

[Durdn and Griinbaum, 2005] A survey on orthogonal matrix
polynomials satisfying second order differential equations, J.
Comput. Appl. Math. (2005).

QUASI—BIRTH—AND—DEATH PROCESSES

[Griinbaum and de la Iglesia, 2007] Matrix valued orthogonal
polynomials arising from group representation theory and a family
of quasi-birth-and-death processes, (2007).

[Griinbaum, 2007] Random walks and orthogonal polynomials:
some challenges, arXiv: math.PR/0703375v1, (2007).
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