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A N x N matrix polynomial on the real line is

P(x) = Anx"+ Ap1x" Tt -+ Ay, x€R, AreCVN

Krein (1949): Orthogonal matrix polynomials ( )
Let W be a N x N self adjoint positive definite
We can construct a family (P,), of OMP with respect to the inner product

b
(P, Q)w = / P(x)W(x)Q*(x)dx € CV*N

J a

such that

b
(Pn, Pm)w = / Po(x)W(x)Pr(x)dx = 0pml, n,m>0
J a

1

Pn(x) = kn(X" 4+ app1x"" "+ -+ ) = /;,7/5,7(><)
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A N x N matrix polynomial on the real line is

P(x) = Apx"+ Ay 1x" 14+ Ay, x€ER, AeCVN

Krein (1949): Orthogonal matrix polynomials (OMP)
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Preliminaries

A N x N matrix polynomial on the real line is
P(x) = Apx" + Ap 1x" 14+ Ay, xER, AjeCVN

Krein (1949): Orthogonal matrix polynomials (OMP)
Let W be a N x N self adjoint positive definite weight matrix
We can construct a family (P,), of OMP with respect to the inner product

b
(P,Q)w = / P(x)W (x)Q*(x)dx € CN*N

such that

)

b
(o, Pm)w —/ Po(x)W(x)P5(x)dx = Opml, 1 m > 0
a

Pn(X) = /ﬁ:n(X” —+ an7n71Xn—1 - ) — Kn/F\)n(X)
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Orthonormality of (P,)n is equivalent to a three term recurrence relation

XxPp(x) = Ant1Pni1(x) + BaPn(x) + ArPa_1(x), n>0
det(Apt1) #0, B, =B,
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Three-term recurrence relation

Orthonormality of (P,)n is equivalent to a three term recurrence relation

XPp(x) = Apt1Pni1(x) + BaPn(x) + AL Pr_1(x), n>0
det(Ap 1) 20, B,= B
Jacobi operator (block tridiagonal)
Po(X) BO A1 Po(X)
P;(x) Al B A P1(x)
Pa(x)

[ P | T Az
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Three-term recurrence relation

Orthonormality of (P,)n is equivalent to a three term recurrence relation

X'Dn(X) = An+1Pn+1(X) =+ BH'DH(X) + Azpnfl(x)v n=>0
det(Aps1) #0, B, =B

Jacobi operator (block tridiagonal)

Po(x) Bo A Po(x)
P;(x) Al B A P1(x)

X P2(X) = A; 82 A3 P2(X)

Or equivalently for the monic family

Xﬁn(x) = ﬁn—&—l(X) + anﬁn(X) + ﬁn/lsn—l(x)a n>0
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(Pp)n satisfying second-order

Durdn (1997): characterize
differential equations of Sturm-Liouville (hypergeometric) type

P!(x)Fa(x) + PL(x)F1(x) + Pa(x)Fo(x) = AyPa(x), n>0
grad F; < i, A, Hermitian
Equivalent to the (i.e. (PD,Q)w = (P, QD)w) of
d

D = 0°Fa(x) + 0*Fi(x) + 0*Fy, 0 = .
X

: Bochner (1929): Hermite, Laguerre and Jacobi
(2003): Duran, Griinbaum, Pacharoni and Tirao.

> A

Typically the weight matrices are of the form W = wTT*
«O0)>» «Fr «=» «
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P! (x)Fa(x) + PL(x)F1(x) + Pa(x)Fo(x) = AyPn(x),
grad F; < i,

A, Hermitian

Duran (1997): characterize orthonormal (P,), satisfying second-order

differential equations of Sturm-Liouville (hypergeometric) type

n>0 J
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Second-order differential equations

Durén (1997): characterize orthonormal (P,), satisfying second-order
differential equations of Sturm-Liouville (hypergeometric) type

Py (x)Fa(x) + Py (x)F1(x) + Pa(x)Fo(x) = AyPp(x), n>0
grad F; < i, A, Hermitian

Equivalent to the symmetry (i.e. (PD, Q)w = (P, Q@D)w) of

D = 8?F(x) + 0'Fi(x) + 0'Fy, 0= % ’
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Second-order differential equations

Durén (1997): characterize orthonormal (P,), satisfying second-order
differential equations of Sturm-Liouville (hypergeometric) type

Py (x)Fa(x) + Py (x)F1(x) + Pa(x)Fo(x) = AyPp(x), n>0
grad F; < i, A, Hermitian

Equivalent to the symmetry (i.e. (PD, Q)w = (P, Q@D)w) of

D = 8?F(x) + 0'Fi(x) + 0'Fy, 0= %

Scalar case: Bochner (1929): Hermite, Laguerre and Jacobi
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Second-order differential equations

Durén (1997): characterize orthonormal (P,), satisfying second-order
differential equations of Sturm-Liouville (hypergeometric) type

Py (x)Fa(x) + Py (x)F1(x) + Pa(x)Fo(x) = AyPp(x), n>0
grad F; < i, A, Hermitian

Equivalent to the symmetry (i.e. (PD, Q)w = (P, Q@D)w) of

D = 8?F(x) + 0'Fi(x) + 0'Fy, 0= %

Scalar case: Bochner (1929): Hermite, Laguerre and Jacobi

New matrix examples (2003): Durédn, Griinbaum, Pacharoni and Tirao.
Typically the weight matrices are of the form W =wTT*

Manuel Dominguez de la Iglesia OMP satisfying differential equations
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@ Matrix spherical functions associated with P,(C) = SU(n + 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)

@ Durdn-Griinbaum (2004):

@ For a fixed family of OMP there exist linearly independent
second-order differential operators having them as eigenfunctions

@ OMP satisfying -order differential equations
@ Fora

second-order differential operator, there can be more than
one family of lin. ind. OMP having them as eigenfunctions

«0>» «F»r « =) «



@ Matrix spherical functions associated with P,(C) = SU(n + 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)

@ Durdn-Griinbaum (2004): Symmetry equations

@ For a fixed family of OMP there exist linearly independent
second-order differential operators having them as eigenfunctions

@ OMP satisfying -order differential equations
e Fora

second-order differential operator, there can be more than
one family of lin. ind. OMP having them as eigenfunctions

«0>» «F»r « =) «
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Methods and new phenomena

Methods

e Matrix spherical functions associated with P,(C) = SU(n+ 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)

@ Durdn-Griinbaum (2004): Symmetry equations

New phenomena

@ For a fixed family of OMP there exist several linearly independent
second-order differential operators having them as eigenfunctions
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Methods

e Matrix spherical functions associated with P,(C) = SU(n+ 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)

@ Durdn-Griinbaum (2004): Symmetry equations

New phenomena

@ For a fixed family of OMP there exist several linearly independent
second-order differential operators having them as eigenfunctions

o OMP satisfying odd-order differential equations
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Methods and new phenomena

Methods

e Matrix spherical functions associated with P,(C) = SU(n+ 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)

@ Durdn-Griinbaum (2004): Symmetry equations

New phenomena

@ For a fixed family of OMP there exist several linearly independent
second-order differential operators having them as eigenfunctions

o OMP satisfying odd-order differential equations

@ For a fixed second-order differential operator, there can be more than
one family of lin. ind. OMP having them as eigenfunctions
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The Riemann-Hilbert problem (RHP) for orthogonal polynomials was introduced
by Fokas-lts-Kitaev (1990)



The Riemann-Hilbert problem (RHP) for orthogonal polynomials was introduced
by Fokas-lts-Kitaev (1990)
For a given w with x'w, x/w’ € L}(R) we try to find Y": C — C?*? s1t.

© Y7 isanalyticin C\R

1 w(x)

Q@ Y/!(x)=Y"(x) (O ) when x € R

1
© Y'(2) = (I +0(1/2)) (ZO 29") as z — o
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The Riemann-Hilbert problem

The Riemann-Hilbert problem (RHP) for orthogonal polynomials was introduced
by Fokas-lts-Kitaev (1990)

For a given w with x'w, x/w’ € L}(R) we try to find Y": C — C?*? s1t.
©Q Y7 is analyticin C\R

Q Y'(x)=Y"(x) ((1) “(1")) when x € R

0 Y'(2) = (I + O(1/2)) (ZO ZOH> 38 2 = 00
Advantages

@ Algebraic properties: three term recurrence relation, ladder operators,
second order differential equation
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The Riemann-Hilbert problem

The Riemann-Hilbert problem (RHP) for orthogonal polynomials was introduced
by Fokas-lts-Kitaev (1990)

For a given w with x'w, x/w’ € L}(R) we try to find Y": C — C?*? s1t.
©Q Y7 is analyticin C\R

Q Y'(x)=Y"(x) ((1) “(1")) when x € R

0 v =(+ow) (5 )z

Advantages

@ Algebraic properties: three term recurrence relation, ladder operators,
second order differential equation

@ Uniform asymptotics: steepest descent analysis for RHP (Deift-Zhou,1993).
Very useful for functions which do not have an integral representation form

Manuel Dominguez de la Iglesia OMP satisfying differential equations



The unique solution of the RHP for OMP is given by

Y7(z) = (_ Pnl2)

27ivp—1Pn-1(2)

C(P,W)(2)

—27ri%_1C(/3n_1W)(z)) ’
where v, = kjkp and C(F)(z) =

b F()
271'1 dt

n>1

J

«40» «F»r « =) » Q>



Preliminaries
Methods and new phenomena
Applications

The RHP for OMP

The unique solution of the RHP for OMP is given by

yn(z):< Pa(2) C(PaW)(2) ) o1

—2TiYp_1 ,Bn,l(z) —27iYp—1 C(Pp—1 W)(2)

where v, = K%k, and C(F)(2) = 2 bF@) g

2mi Ja t—z
Y"(z) satisfies the following pair of first-order difference-differential
relations (also known as Lax pair)

d

Y"E@) = E(2)Y(2), %

Y'(2) = Fa(2)Y"(2)

Manuel Dominguez de la Iglesia OMP satisfying differential equations
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The RHP for OMP

The unique solution of the RHP for OMP is given by

w@:< Pa(2) C(P,W)(2) >7n>1

—2TiYp_1 /3,7,1(2) —27iYp—1 C(Pp—1 W)(2)

where v, = K%k, and C(F)(2) = 2 bF@) g

2mi Ja t—z
Y"(z) satisfies the following pair of first-order difference-differential
relations (also known as Lax pair)

YT(2) = Ef2)Y"(2), Y"(2) = Fi(2)Y"(2)

Cross-differentiation gives compatibility conditions (or string equations)

En(2) + En(2)Fn(2) = Fni1(2)En(2)

Manuel Dominguez de la Iglesia OMP satisfying differential equations



Preliminaries
Methods and new phenomena
Applications

The RHP for OMP

The unique solution of the RHP for OMP is given by

w@:< Pa(2) C(P,W)(2) >7n>1

—2TiYp_1 /3,7,1(2) —27iYp—1 C(Pp—1 W)(2)

where v, = K%k, and C(F)(2) = 2 bF@) g

2mi Ja t—z
Y"(z) satisfies the following pair of first-order difference-differential
relations (also known as Lax pair)

YT(2) = Ef2)Y"(2), Y"(2) = Fi(2)Y"(2)

Cross-differentiation gives compatibility conditions (or string equations)

En(2) + En(2)Fn(2) = Fni1(2)En(2)

Problem: get explicit expression of F,(z)

Manuel Dominguez de la Iglesia OMP satisfying differential equations



Let W(x) = T(x)T*(x), x € R and consider

@ =@ (7 ) J




Let W(x) = T(x) S(x)5"(x) T*(x), x € R and consider
!

vn)— yrin (TESE 0
@ =@ (" ) ]




Let W(x) = T(x) S(x)5"(x) T*(x), x € R and consider
!

0

Therefore we have a class of Lax pairs

T‘*(g)S(Z))

X" (2) = 7 (2)X"(2), -

dz

X"(2) = F3(2)X"(2)

u]
v
a
a
i
v
a
it
-
it
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Let W(x) = T(x) S(x)5"(x) T*(x), x € R and consider
!

0
0

T‘*(E)S(Z))

Therefore we have a class of Lax pairs

X" (2) = 7 (2)X"(2), -

dz
And a class of compatibility conditions

X"(2) = F3(2)X"(2)

ES(2) + E3(2)F3(2) = Fru(2)ER (2)
- R R 99
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Let us consider (S = 1)

W(x) = e XA xeR

for any A € CN*N (Durdn-Griinbaum, 2004)

n+- /Z/ — Qp %A;Tl n d n —zl +A 7%ﬁ/771 n
X 1(2):< ) 2] )x (2), Zx (z):< ) X7(2)

TIYn driv,—1 2zl

an=(A+7 A)/2,  2(Bas1 — Bn) = Aay, — anA+ |



Let us consider (S = 1)

W(x) = e XA xeR

for any A € CN*N (Durdn-Griinbaum, 2004)

—22/2 Az 0
n n e @
X"(z) = Y'(2) < . ezz/ze_mz> J




Let us consider (S = 1)

W(x) = e XA xeR

for any A € CN*N (Durdn-Griinbaum, 2004)

—22/2 Az 0
n n € e
X"(z) = Y'(2) < . ezz/ze_mz>

n l_an Ln_1 n d n -zl + A _l' n_1 n
)o@ = (T w0 xo, Sxoe = (A ) x@)




Let us consider (S = 1)
W(x)=e™> e xeR

for any A € CN*N (Durdn-Griinbaum, 2004)

—22/2 Az 0
n n € e
X"(z) = Y'(2) < . ezz/ze_mz>

Ly d —Z A —Lal
n+1 — Qp 27|-,7n n n Z mf)/n n
X" (z) = ( 27 iYn 0 )X (2), X (2) = (47Ti’)’n—1 zl —A*) X"(2)

= (A4+71A"7,)/2, 2(Bot1 — Bn) = Ay — anA+ |
—
~ Manuel Dominguez de la Iglesia  OMP satisfying differential equations




From block entries (1,1) and (2,1) of
—zZl+ A —2L471
gxv) = ( "

A1zl — A*

) X"(z) we get ladder operators

P!(2) + Pn(2)A — APy(2) = 28,Pn_1(2)

—P'(2) + 2(z — an)Pn(z) + AP,(2) — Pp(2)A = 2P,11(2)

«O> «F>» «=)r» «=)» = Q>
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From block entries (1,1) and (2,1) of

dwn [zl +A —%7;1 n
5X"(z) = <47”,%_1 Ry X"(z) we get ladder operators

Ladder operators
P/(2) + Po(2)A — APy(2) = 23,Pn_1(2)
—Pl(2) + 2(z — an)Pa(2) + AP(2) — Pu(2)A = 2Pny1(2)
Combining them we get a second order differential equation

Second order differential equation
P!(2) 4+ 2P.(2)(A = zI) + Pp(2)A? — A2P,(2) + 4B,Pn(z) =
— 22(Py(2)A — AP(2)) + 2(an — A)(P.(2) + Po(2)A — AP,(2))

Manuel Dominguez de la Iglesia OMP satisfying differential equations



Let us now consider the special case of
2 . . *
W(X) — e X e.AXelee—:JxeA x7 xeR

where A = vazl I/;E,',,'_;,_l, vieC \ {0}, and J = ElNzl(N — I')E,",'



Let us now consider the special case of

2 . . *
W(X) — X e.AXelee—leeA x7 xeR

where A = vazl I/;E,',,'_;,_l, vieC \ {O}, and J = ElNzl(N — I')E,",'

1
Ja, — o, +a,= A+ E(Azan = a,,.Az)
J =~ 0y, = Aoy, + apA — 202




Let us now consider the special case of
W(x) = e e emieATX T x e R
N N .
where A=>""  viEj i1, vie C\ {0}, and J=>"," (N —i)E;;

1
Ja, — o, +a,= A+ E(Azan = a,,.Az)
J =~ 0y, = Aoy, + apA — 202

PoJ — JP, — x(PyA— AP,) + 23,P, — nP, = 2(A — o0y) BnPp_1
Po(J = xA) — 771 = xA)VnPp + 2Bps1Pn — (n + 1)P, = 2(ap — A)Ppis




Let us now consider the special case of
W(x) = e e emieATX T x e R
N N .
where A = Zi:l I/;E,',,'_;,_l, vieC \ {0}, and J = Zi:l(N — I)E,",'

1
Ja, — o, +a,= A+ E(Azan = anAz)
J =~ 0y, = Aoy, + apA — 202

PoJ — JP, — x(PyA— AP,) + 23,P, — nP, = 2(A — o0y) BnPp_1
Po(J = xA) — 771 = xA)VnPp + 2Bps1Pn — (n + 1)P, = 2(ap — A)Ppis

(A—an)P! + (A—ap+xI)(P,A— AP,) — 28,P, = P,J — JP, — nP,
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Sturm-Liouville type differential equation

Finally, something remarkable happens. Combining the second and the
first order differential equation will give surprisingly

Sturm-Liouville type differential equation

P"(x) + P.(x)(2A — 2x1) + Pn(x)(A% — 2J) = (—2nl + A% — 2J)P,(x)

This is a second-order differential equation of Sturm-Liouville type satisfied
by the OMP, already given by Durdn-Griinbaum (2004)

Manuel Dominguez de la Iglesia OMP satisfying differential equations
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Sturm-Liouville type differential equation

Finally, something remarkable happens. Combining the second and the
first order differential equation will give surprisingly
Sturm-Liouville type differential equation

P(x) + PL(x)(2A — 2x1) + Py(x)(A% — 2J) = (=2nl + A% — 2J)P,(x)
This is a second-order differential equation of Sturm-Liouville type satisfied
by the OMP, already given by Durdn-Griinbaum (2004)
Conclusions

© The ladder operators method gives more insight about the differential
properties of OMP and new phenomena
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Sturm-Liouville type differential equation

Finally, something remarkable happens. Combining the second and the
first order differential equation will give surprisingly

Sturm-Liouville type differential equation
P"(x) + P.(x)(2A — 2x1) + Pn(x)(A% — 2J) = (—2nl + A% — 2J)P,(x)

This is a second-order differential equation of Sturm-Liouville type satisfied
by the OMP, already given by Durdn-Griinbaum (2004)

Conclusions
© The ladder operators method gives more insight about the differential
properties of OMP and new phenomena
@ This method works for every weight matrix W. The corresponding
OMP satisfy differential equations, but not necessarily of
Sturm-Liouville type

Manuel Dominguez de la Iglesia OMP satisfying differential equations
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