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UL AND LU FACTORIZATIONS

A direct computation shows that

an = xnsn+1, n � 0

bn = xnrn+1 + ynsn, n � 0

cn = ynrn, n � 1



CONDITIONS FOR STOCHASTICITY
For that we will need that the following continued fraction
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is convergent and 0 < H < 1.

Theorem. Let H the continued fraction given before and the corresponding convergents
hn = An/Bn. Assume that

0 < An < Bn, n � 1

Then H is convergent. Moreover, if P = PUPL, then both PU and PL are stochastic
matrices if and only if we choose y0 in the following range
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DARBOUX TRANSFORMATIONS



EXAMPLE: JACOBI POLYNOMIALS
Consider the family of Jacobi polynomials Q(↵,�)

n (x), which are orthogonal with respect
to the weight

w(x) =
�(↵+ � + 2)

�(↵+ 1)�(� + 1)
x↵(1� x)� , x 2 [0, 1], ↵,� > �1

normalized by the condition
Q(↵,�)

n (1) = 1

Then the Jacobi polynomials satisfy the three-term recursion relation

xQ(↵,�)
n (x) = anQ

(↵,�)
n+1 (x) + bnQ

(↵,�)
n (x) + cnQ

(↵,�)
n�1 (x), n � 0

where the coe�cients an, bn, cn are defined by

an =
(n+ � + 1)(n+ 1 + ↵+ �)

(2n+ ↵+ � + 1)(2n+ 2 + ↵+ �)
, n � 0

bn =
(n+ � + 1)(n+ 1)

(2n+ ↵+ � + 1)(2n+ 2 + ↵+ �)
+

(n+ ↵)(n+ ↵+ �)

(2n+ ↵+ � + 1)(2n+ ↵+ �)
, n � 0

cn =
n(n+ ↵)

(2n+ ↵+ � + 1)(2n+ ↵+ �)
, n � 1



UL FACTORIZATION
Let us call ↵n, n � 1, the sequence of alternating coe�cients a0, c1, a1, c2, . . ., respectively.
Then the sequence ↵n is a chain sequence, i.e. ↵n = (1 �mn�1)mn where 0  m0 < 1
and 0 < mn < 1 for n � 1. In this case we have

m2n =
n

2n+ ↵+ � + 1
, m2n+1 =

n+ � + 1

2n+ ↵+ � + 2
, n � 0

So for every y0 in that range we can always have a stochastic UL factorization.

It is possible to see (hypergeometric series) that

L =
� + 1

↵

Then the continued fractionH with partial numerators given by ↵n is convergent to (1+L)�1

where L is given by (see book of Chihara)

L =
1X

n=1

m1m2 · · ·mn

(1�m1)(1�m2) · · · (1�mn)



DARBOUX TRANSFORMATIONS
The spectral measure associated with the Darboux transformation eP = PLPU is the
Geronimus transformation of the Jacobi weight w. In this case it is easy to see that

µ�1 =

Z 1

0

w(x)

x
dx =

↵+ � + 1

↵

Therefore we have

ew(x) = y0
�(↵+ � + 2)

�(↵+ 1)�(� + 1)
x↵�1(1� x)� +

✓
1� y0

↵+ � + 1

↵

◆
�0(x), x 2 [0, 1]

This measure is integrable as long as ↵ > 0 and � > �1. We see that if y0 is in the range
of a stochastic UL factorization, then the mass at 0 is always nonnegative, and vanishes
if

y0 =
↵

↵+ � + 1

For the LU decomposition, the spectral measure associated with the Darboux transfor-
mation bP = ePU

ePU is the Christo↵el transformation of the Jacobi weight, i.e.

bw(x) = �(↵+ � + 3)

�(↵+ 2)�(� + 1)
x↵+1(1� x)� , x 2 [0, 1]
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LU DARBOUX TRANSFORMATION



AN EXAMPLE: RANDOM WALK ON Z



REFLECTING-ABSORBING FACTORIZATION



REFLECTING-ABSORBING FACTORIZATION
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