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HERMITE POLYNOMIALS

Consider the classical Hermite polynomials
n x? (. —x2\n
Hy,(x) = (—1)"e" (=)™

satisfying
/ Hn(aj)Hm(x)e_fBQdm = 2"n\\/Tnm
R

sabado 23 de febrero de 13



HERMITE POLYNOMIALS

Consider the classical Hermite polynomials
Hy(z) = (—=1)"e* (e7*") ™

satisfying
/ Hn(x)Hm(x)e_x2d$ = 2"n\\/Tnm
R

1810

sabado 23 de febrero de 13



HERMITE POLYNOMIALS

Consider the classical Hermite polynomials
Hy(z) = (—=1)"e* (e7*") ™

satisfying
Hn(x)Hm(x)e_x2 dx = 2"n!\/70nm
R

SUR UN NOUVEAU DEVELOPPEMENT
EN SERIE DES FONCTIONS.

Comptes readus de 1’ Académie des Sciences, v. LVIIL 86§ (1),
P ot et J66,

l.es fonections uniformes de plusienrs variables & périodes simul-
tandes par lesquelles MM, Weierstrass et Riemann ont résolu le
probléme de Ninversion des intégrales de différentielles algébriques
quelconques sont représentées, comme Pon sait, par le quotient

Charles Herrrelte de deux séries telles que
Prale 5

oy
y - )
€ PESM, Y, 2,

| Sltubdbuadehd e — e
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HERMITE OR WAVE FUNCTIONS

The Hermite or wave functions are defined by

1
v/ 2!/

(¢n)n is a complete orthonormal set in L?(R), i.e.

U (2) = e " 2H, (1)

/ Vn(2) Uy, (2)dT = Opm
R




HERMITE OR WAVE FUNCTIONS

The Hermite or wave functions are defined by

o (3) = e T2 ()

v/ 2!/

Let D : L?(R) — L*(R) the Schrodinger operator with
quadratic potential

Df](x) = 5 f(x) — 2 (@)

and F : L*(R) — L%(R) the continuous Fourier transform

Ffl) = —= [ feta
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HERMITE OR WAVE FUNCTIONS

The Hermite or wave functions are defined by

o (3) = e T2 ()

v/ 2!/

Let D : L?(R) — L*(R) the Schrodinger operator with
quadratic potential

Df](x) = 5 f(x) — 2 (@)

and F : L*(R) — L%(R) the continuous Fourier transform

Ffl) = —= [ feta

> |
= Do F =FoD
R o
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HERMITE OR WAVE FUNCTIONS

The Hermite or wave functions are defined by

1
v/ 2!/

(1) are eigenfunctions of the Schrodinger operator

[D%](CL’) — %(ﬂf) o x2¢n($) — _(Qn + 1)¢n($)

U (2) = e " 2H, (1)

and the Fourier transform

1 1t L Zn T
Funl(a) = == [ Gt = (0" (a)

> |
= Do F =FoD
R o




HERMITE OR WAVE FUNCTIONS

(n )n are the eigenfunctions of the one-dimensional
time-independent quantum harmonic oscillator
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HERMITE OR WAVE FUNCTIONS

(n )n are the eigenfunctions of the one-dimensional

time-independent quantum harmonic oscillator

)

_ WK

“““‘--—-,-"fi__}g (X)

W (x)

W, (x)
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HERMITE OR WAVE FUNCTIONS

(n )n are the eigenfunctions of the one-dimensional
time-independent quantum harmonic oscillator

1, | is a probability distribution for every n and gives the
probability of finding the oscillator at a particular value of x

w ™ Harmonic oscillator

classical :
S\ limite potential and

i | i 2
"ljo A wavefunctions WO
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HERMITE OR WAVE FUNCTIONS

(n )n are the eigenfunctions of the one-dimensional
time-independent quantum harmonic oscillator

1, | is a probability distribution for every n and gives the
probability of finding the oscillator at a particular value of x

We also have that

(w)nm — /Ran(x)w;kn(x)dx — gdm,n—l \/n —2|_ 15m,n—|—1

(z) is the matrix of the homomorphism f + xf in L?(R)

with respect to the basis (¢, ), (three-term recurrence relation).
This also means that transitions occur only between adjacent

energy level of the quantum harmonic oscillator.
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HERMITE POLYNOMIALS

Some consequences for the Hermite polynomials:
H!'(z) — 2zH, (z) + 2nH,(z) =0

Hyi1(x) —2zH,(x) +2nHyp—1(x) =0
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HERMITE POLYNOMIALS

Some consequences for the Hermite polynomials:
H'(x) — 2xH (z) + 2nH,(x) =0
Hyi1(z) —22Hy(x) +2nHy—1(x) =0

From the integral equation we get

_$2/2H \/7/ t2/2H t) cos(xt)dt
e_x2/2H2n+1 \/7/ —5)2 Hop1(t) sin(at)dt
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HERMITE POLYNOMIALS

Some consequences for the Hermite polynomials:
H'(x) — 2xH (z) + 2nH,(x) =0
Hyi1(z) —22Hy(x) +2nHy—1(x) =0

From the integral equation we get

_5’52/2H \/7/ 752/2H t) cos(xt)dt
e_x2/2H2n+1 \/7/ —t*/2 Hop1(t) sin(at)dt

Additionally, using the Laplace and the Fourier transform on the differ-
ential equation we obtain the following integral representations of (H, ),

n' — 2242z dz P
Hn(x)ZQ_Wife . Sn+1 it B\
; )
2
) PAYLPN: .
Hn(flf) _ ( Z) € e—u2—|—2zxuundu

VT JR
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CHRISTOFFEL-DARBOUX KERNEL

The Christoffel-Darboux (CD) kernel

Kolz,y) = 3 du(@)n(v)
k=0

describes the statistical properties of the eigenvalues of a random matrix M

in the space of (n x n) Hermitian matrices with the measure
(M) = e " M) gM (GUE, Mehta).
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CHRISTOFFEL-DARBOUX KERNEL

The Christoffel-Darboux (CD) kernel

Kolz,y) = 3 du(@)n(v)
k=0

describes the statistical properties of the eigenvalues of a random matrix M

in the space of (n x n) Hermitian matrices with the measure
(M) = e " M) gM (GUE, Mehta).
The last particle distribution is given by the Fredholm determinant

F(s) =P[Anax < 8| =det(I — xsK,)

where s is the indicator function of the interval s, o0) and
K, : L?*(R) — L*(R) is the integral operator

K, f](z) = / Ko(z,9)f(y)dy v f € L3(R)
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CHRISTOFFEL-DARBOUX KERNEL

The Christoffel-Darboux (CD) kernel

Kolz,y) = 3 du(@)n(v)
k=0

describes the statistical properties of the eigenvalues of a random matrix M

in the space of (n x n) Hermitian matrices with the measure
(M) = e " M) gM (GUE, Mehta).
The last particle distribution is given by the Fredholm determinant

F(s) =P[Anax < 8| =det(I — xsK,)

where x; is the indicator function of the interval [s, o) and
K, : L?*(R) — L*(R) is the integral operator

K, f](z) = / Ko(z,9)f(y)dy v f € L3(R)

THEOREM (Trhcy-Widoin, 1994) @
The log derivative of the Fredholm determinant
R(s) = O0slog(det(I — xsK,,)) solves the sigma-form of the PIV equation

(R")? +4(RHY*(R' +2n) —4(sR' — R)* =0
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MATRIX VALUED FUNCTIONS

Let W be a weight matrix (positive definite and finite moments).
Consider L%V(]R, (@A ) the weighted space with the inner product

F.G)w — /]R F(2)W ()G (2)da
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MATRIX VALUED FUNCTIONS

Let W be a weight matrix (positive definite and finite moments).
Consider L%V(]R, (@A ) the weighted space with the inner product

F.G)w — /]R F(2)W ()G (2)da

A sequence (P,), of matrix orthonormal polynomials (MOP)
with respect to W is a sequence satistying

dean:n, <Pn7Pm>W:IN5nm
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MATRIX VALUED FUNCTIONS

Let W be a weight matrix (positive definite and finite moments).
Consider L%V(R, (@A ) the weighted space with the inner product

(F.G)w /F (2)G* (2)dz

A sequence (P,), of matrix orthonormal polynomials (MOP)
with respect to W is a sequence satistying

dean:n, <Pn7Pm>W:IN5nm
They were studied for the first time by M. G. Krein (1949)

FUNDAMENTAL ASPECTS OF THE REPRESENTATION THEORY
OF HERMITIAN OPERATORS WITH DEFICIENCY INDEX (m, m) =

M. G. KREIN
\s b
To the memory of my honored teacher, Nikolal Grigor‘evic Cebotarev.

In studying the spectral properties of selfadjoint extensions of Hermi-

tian operators we can always limit ourselves to the case of a simple oper-

ator (sce '§' 1.3).
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SOME NOTATION

/O 1 0

0 0 vy ---
Ay =|[: =

0O 0 O

\0 0 0

07

0

VN-1

0 )

v eER) Jy =
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SOME NOTATION

(O 1 0
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0 0 0
\0 0 0
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SOME NOTATION

/OulO--- O\

0 0 v --- 0
Ay=1: + + 1 |, LeER JIv=
0O 0 0 UN_1
\0 0 0 0 )
For example f(z) = e'2*
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SOME NOTATION

/0 Z
0 0 vy ---
Av=1: © .
o0 0 --.
\() o 0 -..

of (z) = ¢

0
0

VN-1

0 )

v eER) Jy =




SOME NOTATION

(0 Z
0 0 vy ---
Av=1: © .
o0 0 --.
\() o 0 -..

0
0
, v €ER, Iy =

VN-1

0 )

(eigm o e—i%x)

sin (5 (N — 1))




SOME NOTATION

(0 Z
0 0 vy ---
Av=1: © .
o0 0 --.
\() o 0 -..

VN-1

0 )

0
0

v eER) Jy =

of (x) = cos (Fz) = %(eigx + e t27)

£(J) = cos (

T

—J

)

cos (3(N — 1))




SOME NOTATION

/O 1 0

0 0 vy ---
AN: . E o

0 0 0

\0 0 0

ZN_1
ZJ:

07

0

/N -1
, v €ER, Iy =
0
\ 0
1
ZN—l
T
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Orthogonal Matrix Polynomials Satisfying
Second-Order Differential Equations

Antonio J. Duran and F. Alberto Griinbaum
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THE EXAMPLE

IMRN International Mathematics Research Notices
2004, No. 10

Orthogonal Matrix Polynomials Satisfying
Second-Order Differential Equations

Antonio J. Duran and F. Alberto Griinbaum

1 Introduction

The aim of this paperis to develop a general method that leads us to introduce and study
classes of examples of orthonormal matrix polynomials (P, ), satisfying a right-hand
side second-order differential equations of the form

Pn(t)A2(t) + Pu(t)A1(t) + Pu(t)Ag(t) = TnPa(t), m =0, (1.1)

where A;, Ay, and A, are matrix polynomials (which do not depend on n ) of degrees not
biggerthan 2 1, and 0, respectively, and I, are Hermitian matrices (i.e., each orthonormal

matrix polynomial P,, is an eigenvector of the right-hand side second-order differential
operator £; p = D?A;(t) + DA, (t) + D%A,(t)).
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THE EXAMPLE

Let us consider L%, (R, CV*Y) with the weight matrix

Wiz) = e eATeAT e R
and the family of MOP (P,), satisfying

P/ (x) + P! (2)(—2zI +2A) + P,(2)(A* — 2J) =

(—2nI — 2J)P,(z)

sabado 23 de febrero de 13
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THE EXAMPLE

Let us consider L%, (R, CV*Y) with the weight matrix
Wiz) = e eATeAT e R
and the family of MOP (P,), satisfying

P! (z) + P/ (z)(—=2xI + 2A) + P, (2)(A* — 2J) = (—2nI — 2J)P,(z)

The orthogonal matrix-valued functions (complete in L?(R, CV*V))
b, (r) = e_xQ/QPn(a:')eAx

are simultaneously eigenfunctions
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and the family of MOP (P,), satisfying

P! (z) + P/ (z)(—=2xI + 2A) + P, (2)(A* — 2J) = (—2nI — 2J)P,(z)

The orthogonal matrix-valued functions (complete in L?(R, CV*V))
b, (r) = e_xQ/QPn(a:')eAx

are simultaneously eigenfunctions

1) of a differential equation of Schrodinger type

® (z) — @, (2)(z*T +2J) + ((2n + 1)I +2J)®,(z) =0
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THE EXAMPLE

Let us consider L%, (R, CV*Y) with the weight matrix
Wiz) = e eATeAT e R
and the family of MOP (P,), satisfying

P! (z) + P/ (z)(—=2xI + 2A) + P, (2)(A* — 2J) = (—2nI — 2J)P,(z)

The orthogonal matrix-valued functions (complete in L?(R, CV*V))
b, (r) = e_xQ/QPn(a:')eAx

are simultaneously eigenfunctions

1) of a differential equation of Schrodinger type

® (z) — @, (2)(z*T +2J) + ((2n + 1)I +2J)®,(z) =0

2) and an integral operator of Fourier type

1 o o
— | ®, ()2l dt = ()" 2! P, (x
= [ @0 DR NG
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THE EXAMPLE

Let us consider L%, (R, CV*Y) with the weight matrix
Wiz) = e eATeAT e R
and the family of MOP (P,), satisfying

P! (z) + P/ (z)(—=2xI + 2A) + P, (2)(A* — 2J) = (—2nI — 2J)P,(z)
That means that the second-order differential operator
D: L*(R,CY*N) —» L*(R,CV*N)
42
da?

[FD|(z) = — F(z) — F(z)(z°I + 2J)

and the integral operator F : L*(R, CN*¥) — L2(R, CN*xN)

FF)( F(t)e™e™2 dt
| I(@ \/27‘(’ /
commute in L?(R,CY*N) ie. DoF=FoD

sabado 23 de febrero de 13
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CONSEQUENCES FOR (Pn)»

We have the following symmetry conditions

Pn(CIZ‘) _ (—1)”ei7TJPn(—:E)emJ, W(LI?) _ eiﬂ-JW(—Qf)eiﬂ-J
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CONSEQUENCES FOR (Pn)»

We have the following symmetry conditions
Po(2) = (~1)"¢™ Py(~2)e™, W (z) = ™I W (~z)e’™

Denote C_ = sin (gJ), C. = cos (%J) and
kn(xz,t) = cos(xt) if n is even and k,(x,t) = sin(xt) if n is odd
We have the following real integral equations

e /2™ £ [P, (2)eA"Cy =

(_1)L%J / —t2/2 At i J
C kn(x,t) P, (t dt(e'™ + 1
o + Re (CB ) ( )e (e )

6_562/2 (em‘] T I)Pn(az)eAxC’; —

_1)\L%] .
+ ( \/;2 Ci/e_tQ/thnH(a:',t)Pn(t)eAtdt(e”J + 1)
7T R

sabado 23 de febrero de 13 11
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INTEGRAL REPRESENTATIONS

Applying the Laplace transform to the differential equation satisfied by
the family P, (x)e” there exists a suitable constant matrices C,, such that

A I
_ 2 dz
Pn(w)eAa: _ 7{2 JCanJe 2= LD e
Zn+1
-
where the contour v encloses the origin, closes at —oc Z
and 1t 1s traversed in a counterclockwise direction |
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INTEGRAL REPRESENTATIONS

Applying the Laplace transform to the differential equation satisfied by
the family P, (x)e” there exists a suitable constant matrices C,, such that

A 1
A —J J —2242zp 02
P, (x)e x:jﬁz C,z"e =T szn—l—l
where the contour v encloses the origin, closes at —oo Z
and it 1s traversed in a counterclockwise direction
S _e/"\ A
Similarly, applying the Fourier transform
y, applying o DAY

to the differential equation satisfied by the family Y
e~ P, (x)eA” there exists a suitable constant
matrix D), such that

2 _J w2
P,(z)e?® = ¢® /wJan J W™ 22w gy
T

where Z = L 4R, and L > 0 is chosen so to have no intersection with -~

sabado 23 de febrero de 13
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CASE N=2

The normalized tfamily is

Un()/\/ Ant1

—11 ﬁwnq(ﬂf)

b, (r)=

V1 \/27;::1 Unt1()
Un(x)/\/Tn

sabado 23 de febrero de 13
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CASE N=2

The normalized tfamily is

(I)n(ﬂf) — wn(aj)/ e - 22:—:1 wn+1($) sy  In — 1+ EV%
1y /g tn1(2)  Ynl2)/ 2

That means [, ®,(x)®}, (z)dx = dpm 2, so the diagonal entries are
probability distributions on R.
The plots for the first values of n and v; = 1 are given by
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CASE N=2

The normalized tfamily is

(I)n(ﬂf) — wn(aj)/ e - 27}7’:7:%1 wn+1($) sy  In — 1+ EV%
vy /g Una(@)  n(@)//n 2

That means [, ®,(x)®}, (z)dx = dpm 2, so the diagonal entries are
probability distributions on R.
The plots for the first values of n and v; = 1 are given by

L (2 — 7%+1) T %%H

Tn+1

—4
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CASE N=2

The normalized tfamily is

oo [ VI ESea@)
1y /o Un-1(2)  a(@) /o 2

That means [, ®,(x)®}, (z)dx = dpm 2, so the diagonal entries are
probability distributions on R.

The plots for the first values of n and v; = 1 are given by
s U = V) + Y | %W% —Yn_1) +¥n_
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CASE N=2

The normalized tfamily is

Vn(T)/ /i1 Vl\/ "L 1 ()
@n(gj) — 27n-|—1 : /‘Yn — 1 —|— gy%

V1) n-1(x)  Ya(@)//n

That means [, ®,(x)®}, (z)dx = dpm 2, so the diagonal entries are
probability distributions on R.

The plots for the first values of n and v; = 1 are given by

(Y — Va1) + Ui 7%(%21, —a 1)+ P

Tn+1

Physical

—4
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THREE-TERM RECURRENCE RELATION

We also have
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THREE-TERM RECURRENCE RELATION

We also have

(1), = /R 2B, (2) 8" (z)da (V R )5m,n1

0 ”g;;l
0 . V1 (n+1)Yn+2 0
_I_ ( ” \/fynofyn—kl) 5m’n _I_ 2’7n-|—1 (n—|—1),y 5m’n_|_1
AR 0 \/ 2’Yn+1n

Therefore (zTI) is the matrix of the homomorphism F' — zF in LQ(R, CHNXN )
with respect to the basis (®,),

/O x| * \
* 00 %
* 010 % [ %
(xl) = x|« 0 [0 «%
* 010 % [ %
\ | | )
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THREE-TERM RECURRENCE RELATION

We also have

(1), = /R 2B, (2) 8" (z)da (V R )5m,n1

0 ”g;;l
0 . V1 (n+1)Yn+2 0
_I_ ( ” \/fynofyn—kl) 5m’n _I_ 2’7n-|—1 (n—|—1),y 5m’n_|_1
AR 0 \/ 2’Yn+1n

Therefore (zTI) is the matrix of the homomorphism F' — zF in LQ(R, CHNXN )
with respect to the basis (®,),

Physical
/ 0 > * \ interpretation?
* 0] 0 %
* 00 % | %
(xI) = x| 010 «%
* 0 [0 x| %
\ | | )
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INTEGRAL RELATIONS

There will be 8 real integral equations

sabado 23 de febrero de 13

15



INTEGRAL RELATIONS

There will be 8 real integral equations

If we call Q,(z) = <

2
— € * /QQQn

e_x2/2Q2n+1(

0 0
0 1

Jrio s %

\/%/ e /2 cos(t)Qan(t)dt

e V2 4in (2t)Q2pr1(t)dt

A
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INTEGRAL RELATIONS

There will be 8 real integral equations

—1

If we call Q,(z) = < 0
= _xz/QQQn

e_x2/2Q2n+1(

-7 e

0
0

Jra (3

e /2 cos (xt) Qa2 (t)dt

e V2 4in (2t)Q2pr1(t)dt

A
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INTEGRAL RELATIONS

There will be 8 real integral equations

If we call Q,(x) = (8 (1)>P( )<(1) 8)

= _x2/2Q2n( = e "/2sin (1) Qo (t)dt

A

e_x2/2Q2n+1 e /2 cos (xt)Q2pr1(t)dt

RCiA
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INTEGRAL RELATIONS

There will be 8 real integral equations

If we call Q,(z) = (
= _xQ/QQQn

e_$2/2Q2n+1(

I 0
0 0

)Py V)

\/%/ e /% sin(wt)Qan(t)dt

—t*/2 ¢os (xt)Qopnr1(t)dt

A
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INTEGRAL RELATIONS

There will be 8 real integral equations

If we call Qu(z) = ((1) 8) P, (2) (8 V11x>

= _xQ/QQQn et /2 gin (x1)Q2p (1)dt

-7 e

e_xQ/QQQf,H_l( = t2/2 COS CCt)QQn+1 (t)dt

Additionally we have

A

( | (n+ 1)V1\

1 iz  nl 22 20,y 42
Pu(z) (O 1 ) - ontlgy jé 11 1 © zntl
Vi 2 )

i 2 1 Wy
ey € w2 —2xw . n
P, (x) <O . > = Zﬁ/z 5 ny12 1 |e w" dw

2wy Y
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CHRISTOFFEL-DARBOUX KERNEL

The CD kernel

Ko(ry) = 3 ® () &)
k=0

where ®,(x) = e_fEQ/ZHPnH‘_,‘}Pn(:E)eAx can be written as




CHRISTOFFEL-DARBOUX KERNEL

The CD kernel

Ko(ry) =3 ®1(0)®4(x)
k=0

where ®,(x) = e_fEQ/ZHPnH‘_,‘}Pn(:E)eAx can be written as

w? —2zxw—2%+2zy+nlog(w/z)

2 22—y Jo —Jo Jop—1 —Jge
€ 2 dw ¢ dz z°? Bz “*w?B_ ~w
(27TZ) 7 ~

where ( 1 Vl)
By, = | n1 1

2

w — 2
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CHRISTOFFEL-DARBOUX KERNEL

The CD kernel

Ko(ry) = 3 ® () &)
k=0

where ®,,(x) = e_fEQ/QHPnH‘_,‘}Pn(:E)eAm can be written as

w? —2zxw—2%+2zy+nlog(w/z)

2 22—y Jo —Jo Jop—1 —Jge
€ 2 dw ¢ dz z7?Bpz “?w? B, "w
(27‘-2) T vy w—z
where [
2
In other words
2
z(v,—1)4+w i (w—=z
/ : w%%) (%% ) ew2—2xw—22—|—22y—l—n log(w/z)

9 2242
e 2 /dw%dz
(27’(’2) T ~ \ nvy(z—w) w(%%—l)—l—z/ w—z

272 zy2
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ITKS theory

Ky ~ Kn(xay) —>
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NON-COMMUTATIVE PAINLEVE IV

ITKS theory

4 x4 RHP I'(\)
on C\{yUZ}

Ky ~ Kn(xay)

KnF|(z) = RF(y)Kn(fU,y)dy




NON-COMMUTATIVE PAINLEVE IV

ITKS theory

4 x4 RHP I'(\)
on C\{yUZ}

Ky ~ Kn(xay)

G()\) depends on A2 B, \~2
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NON-COMMUTATIVE PAINLEVE IV

ITKS theory

4 x 4 RHP T(\) L, T =¥
on C\{yUZ} (constant jumps)

Ky ~ Kn('f’?ay)

G()\) depends on A2 B, \~2
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NON-COMMUTATIVE PAINLEVE IV

Ky ~ Kn(xay)

ITKS theory

4 x4 RHP I'(\)
on C\{yUZ}

L'\ — ¥(N)
(constant jumps)

\/
Lax pair
LY = AW¥
0sW =UW
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NON-COMMUTATIVE PAINLEVE IV

Ky ~ Kn(xay)

ITKS theory

4 x4 RHP I'(\)
on C\{yUZ}

Compatibility -

conditions

L'\ — ¥(N)
(constant jumps)

\/
Lax pair
LY = AW¥
0sW =UW
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NON-COMMUTATIVE PAINLEVE IV

ITKS theory

4 x 4 RHP T(\) L(A) — ¥(N)
Ky, ~ Kn(z,y) on C\{~UT} e (constant jumps)
\/
Lax pair
Compatibility - W = AW
conditions
0,V =UW
u = —ul+2su—+4z —2nly + Vy
P4— 2u'z + 2uz’ — 2s2’

—1

where Vx = 2|Jo,yly™" (lz,y] = xy — yx) and

z=—T1)1, y=-2T1), u= )Ty +2sh

sabado 23 de febrero de 13

17



NON-COMMUTATIVE PAINLEVE IV

ITKS theory

4 x 4 RHP T(\) L(A) — ¥(N)
Kpn ~ Kn(z,y) on C\{yUZT} > (constant jumps)
\/
Lax pair
Compatibility - HW = AP
conditions 5.0 — U

Non-commutative version of the derived Painlevé IV equation

u+ [u u)—4(n + 1+ s?)u'— 2 ({u/, v’} + vu'u)
+6s{u’,u} +4u(u — slz) + (V4 —2(uVa)) + 25V, =0
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NON-COMMUTATIVE PAINLEVE IV

Non-commutative version of the derived Painlevé IV equation
u’+ [u u)— 4(n + 1+ s%)u'— 2 ({uv/, u?} + uu'u)
+6s{u’,u} +4du(u — slz) + (V4 —2(uVa)) + 25V, =0

If we assume that all the variables commute, we get the equation
u" — Au' — 6utu’ + 120w — dnu + du? — dsu — 4s%u’ = 0

and this equation is the derivative of the Painlevé IV equation

Joint work with Mattia Cafasso
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