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Un(x) = \/#—!\/7?6*)@/2 Hp(x)

where Hn(x) = (=1)"e**(e=*)("), are the Hermite polynomials
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HERMITE OR WAVE FUNCTIONS

Un(x) = \/#—!\/7?6*)@/2 Hp(x)
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HERMITE OR WAVE FUNCTIONS

HERMITE OR WAVE FUNCTIONS

Un(x) = \/#—!\/7?6*)@/2 Hp(x)

where H,(x) = (—1)”ex2(e_x2)("), are the Hermite polynomials
(¢n)n is a complete orthonormal set in L2(R), i.e.

/ Vn(X)r (x)dx = 6pmy, n,m>0
R

(1n)n are eigenfunctions of the Schrodinger operator

¥ip(x) = X2n(x) = —(2n + Ljpn(x), x €R )

and the Fourier transform

\/% /_ : Un(t)e™tdt = (I)"n(x), x € R J
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HERMITE POLYNOMIALS

Some consequences for the Hermite polynomials:

DIFFERENTIAL EQUATION

HY(x) — 2xH),(x) + 2nHp(x) = 0
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HERMITE POLYNOMIALS

Some consequences for the Hermite polynomials:

DIFFERENTIAL EQUATION

HY(x) — 2xH),(x) + 2nHp(x) = 0

2 2 2 o0 2 2
=12 H, (x) = (1)) 2 / e~2/2 . (£) cos(xt)dt
T Jo

_Xz/ H>, +1 \/>/ —t2/2 Hy, +1( )sm(xt)dt




We will say that F € L2(R, CVN*N) if

(F,F) = /Oo F(x)F*(x)dx < oo,

o

(L2(R,CN*NY || - ||) with ||[F|| = Tr((F, F))"/? is a Hilbert space

Similarly for the weighted spaces L%, (R, CV*N) with the inner product

(F, G)w = /f F(x) W (x) G* (x)dx
Typically

W(x) =
where T satisfies

«O» «Fr « =>»

« =

DA
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MATRIX-VALUED FUNCTION SPACES

We will say that F € L2(R, CN*N) if
<F,F>i/ F(x)F*(x)dx < oo,

(L2(R,CV*N) || -|) with [|[F|| = Tr ((F, F))"/? is a Hilbert space
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MATRIX-VALUED FUNCTION SPACES

We will say that F € L?(R, CV*N) if

<F,F>i/ F(x)F*(x)dx < oo,
(L2(R,CV*N) || -|) with [|[F|| = Tr ((F, F))"/? is a Hilbert space
Similarly for the weighted spaces L2, (R, CV*N) with the inner product

(F,G)w = /Oo F(x)W(x)G*(x)dx

—0o0
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MATRIX-VALUED FUNCTION SPACES

We will say that F € L?(R, CV*N) if

<F,F>i/ F(x)F*(x)dx < oo,
(L2(R,CV*N) || -|) with [|[F|| = Tr ((F, F))"/? is a Hilbert space
Similarly for the weighted spaces L2, (R, CV*N) with the inner product

(F,G)w = /Oo F(x)W(x)G*(x)dx

—0o0

Typically

where T satisfies
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Observe that AN =0 and adaJ = [A, J] = —A
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Observe that AN =0 and adaJ = [A, J] = —A

For any infinitely differentiable f in a neighborhood of x = 0 we have

Fx) = f(f)(O)j—:
j=0 '

Whenever we write f(X), for any N x N matrix X, we mean

f(X) = Z f(f)(O)%



Hermite or wave functions Matrix case

00000000

SOME NOTATION

0 vy 0 -« 0
00 w0 N=1 e 000
A= Lo : , Vi ER, J=
00 0 - wyg o (1) 8
00 0 -~ 0

Observe that AN =0 and adaJ = [A, J] = —A

Some examples f(x) = p%x

=
—

fFA) = +A)=) (—1yA

-~
Il
o
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SOME NOTATION

0 vy 0 -« 0
00 w0 N=1 e 000
A= Lo : , Vi ER, J=
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00 0 -~ 0

Observe that AN =0 and adaJ = [A, J] = —A

Some examples f(x) = e/2*
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SOME NOTATION

0y 0 - 0
0 0 wp --- 0 N_’l o U 0
A= : ) : ,VieER, J= :
00 0 - wyg o (1)8
00 0 -~ 0

Observe that AN =0 and adaJ = [A, J] = —A

Some examples f(x) = /™
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SOME NOTATION

0 vy 0 -« 0
o 4oy No1 000
A= . : : . , Vi eR, J=
00 0 - wyg 8 - (1) 8
00 0 -~ 0

Observe that AN =0 and adaJ = [A, J] = —A
Some examples  f(x) =sin (5x) = 5 (e2¥ — e7/2%)

27) T 20

sin (3(N — 1))
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SOME NOTATION

1% 0 0 .
0 0 m 0 N-1
A= ; : , Vi €ER, J=
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Observe that AN =0 and adaJ = [A, J] = —A
Some examples  f(x) = cos (Zx) = 3(e/2¥ + e77%3%)

cos (3(N — 1))

f(J) = cos (FJ> = 0



Let W be the following weight matrix

W(x) = e eMeAx

, x€eR
We know from Durdn-Griinbaum (2004) that

J
Let

P"(x) = 2P (x)(xI — A)+ Pp(x)(A% = 2J) = (—=2nl + A2 — 2J)P,(x)

Pa(x) = e A/4P,(x)

(Pp)n satisfies the same differential equation
but now with

eigenvalue —2n/ —2J

«O» «Fr « =>»

« =
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FIRST EXAMPLE

Let W be the following weight matrix

W(x) = e e e xeR )

We know from Durdn-Griinbaum (2004) that

Py/(x) = 2P(x)(x] — A) + Po(x)(A> —2J) = (=2n + A>— 2J)Py(x) |
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FIRST EXAMPLE

Let W be the following weight matrix

W(x) = e e e xeR )

We know from Durdn-Griinbaum (2004) that

Py/(x) = 2P(x)(x] — A) + Po(x)(A> —2J) = (=2n + A>— 2J)Py(x) |

Let

Pa(x) = e /4Py (x) |

(Pn)n satisfies the same differential equation
but now with diagonal eigenvalue —2n/ — 2J
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

On(x) = e X/2Py(x)e™ J

(®5)n is an orthogonal family in L2(R, CV*N)
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions
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(®5)n is an orthogonal family in L2(R, CV*N)

(Pn)n are simultaneously eigenfunctions
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

On(x) = e X/2Py(x)e™ J

(®5)n is an orthogonal family in L2(R, CV*N)

(Pn)n are simultaneously eigenfunctions
of a differential equation of Schrodinger type

d(x) — ©p(x)(x% +2J) + ((2n + 1) +2))d,(x) =0, x€R )
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

On(x) = e X/2Py(x)e™ J

(®5)n is an orthogonal family in L2(R, CV*N)

(Pn)n are simultaneously eigenfunctions
of a differential equation of Schrodinger type

d(x) — ©p(x)(x% +2J) + ((2n + 1) +2))d,(x) =0, x€R )

and an integral operator of Fourier type

Loo lxt 54y — naisJ X X
[ ouee = (iye 0 (), xeR J
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CONSEQUENCES FOR. (P,),

SYMMETRY CONDITIONS

Pa(x) = (—1)"e™P,(—x)e™, W(x) = ™ W(—x)e™
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CONSEQUENCES FOR. (P,),

SYMMETRY CONDITIONS

Pa(x) = (~1)"™Po(—x)e™,  W(x) = &™ W(-x)e'™

4

REAL INTEGRAL EQUATIONS

Denote C_ =sin (5J), C; = cos (5J) and
kn(x, t) = cos(xt) if n is even and kn(x, t) = sin(xt) if n is odd
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CONSEQUENCES FOR. (P,),

SYMMETRY CONDITIONS

Pa(x) = (~1)"™Po(—x)e™,  W(x) = &™ W(-x)e'™

REAL INTEGRAL EQUATIONS

Denote C_ =sin (5J), C; = cos (5J) and
kn(x, t) = cos(xt) if n is even and kn(x, t) = sin(xt) if n is odd

e~ /2(ei™ £ 1)Py(x)e™ Cy =

Yy ci/ e=t/2k. (x, t)Po(t)eMtdt(e™ + 1),

and
e /(™ £ 1)Py(x)e™ Cy =
(-] ci/ =124 (x, £)Po(t) e dt(e™ 7 1),
— 00

Vn




The normalized family is

b,(x) =

Pn(x)/v7n
That means [~

Ya(X) /i1 1y 2',;:1 Ynt1(x) Ly
Tn = P!
-1 #wn_l(x) ’ !
D, (x)P(x)dx = dpml, so the diagonal entries are

on R. The plots for the first values of n and 11 = 1 are given by

«O» «F»r « =

Er» «E>»

DA
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CASE N =2

The normalized family is

on() = Un(X)/\Amet vy e (x) 14
' o) e )2

That means [*°_ ®,(x)®;,(x)dx = daml, so the diagonal entries are probability
distributions on R. The plots for the first values of n and v1 =1 are given by
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CASE N =2

The normalized family is

Yn(X)/ /A1 %! 2::r+111/’n+1(x)
\f Un1(x)  Yn(x)/\An

That means [*°_ ®,(x)®;,(x)dx = daml, so the diagonal entries are probability
distributions on R. The plots for the first values of n and v1 =1 are given by

n
¢ ) ’7":1—"_5”%
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CASE N =2

The normalized family is

Yn(X)/ /A1 %! 2::r+111/’n+1(x)
\f Un1(x)  Yn(x)/\An

That means [*°_ ®,(x)®;,(x)dx = daml, so the diagonal entries are probability
distributions on R. The plots for the first values of n and v1 =1 are given by

n
¢ ) ’7":1—"_5”%




We also have
oo

_ x®,(x)% (x)dx =

Mn+1

2%9n O

n 5’7‘1,"_1
0 A
L Yt 5m7n+
23/ YnVnt1

(1) Y2 0
2911 5 |
0 0 (i), | Omont
Pvmi

Q>
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We also have

fore) NYn+1 0
(X/)nm i/ X‘bn(X)‘DTn(X)dX = \/: I Om,n—1
— 00 0 27%

0 vy (n+1)yn+o 0
2Vt | 5 29n41 5
+ 121 0 m,n + (n+1)7n m,n+1
2/YnYnt1 0 W

Therefore (x/) is the matrix of the homomorphism F — xF in
L2(R, CV*N) with respect to the basis ($,),

0 * *
* 0 0 «
* 0 0 * *
(xl) = * x 0 0 *
* 0 0 x



Let W be the following weight matrix

W(X) _ e—xzesz eB*x2

)

B=A(l+A)"
We know from Durdn-Griinbaum (2004) that

P (x)—2xP! (x)(1—2B)+2P,(x)(B—2J) = —2((/—2B)n—B+2J)P,(x)
Let

Pa(x) = [(1 + A) 2P Py (x)
(Pn)n satisfies the same differential equation
but now with

eigenvalue —2nl — 4J

«O» «Fr « =>»

« =



Hermite or wave functions Matrix case
00000000

SECOND EXAMPLE

Let W be the following weight matrix

W(x) = e X eB’eB™ B = A(l+ A |

We know from Durdn-Griinbaum (2004) that

Pr/(x) = 2xP}(x)(1 —2B)+2Py(x)(B—2J) = —2((/ —2B)n—B+2J)Py(x) |
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SECOND EXAMPLE

Let W be the following weight matrix

W(X) _ e—XQeBXZeB*)(27 B _ A(I _I_A)—l J

We know from Durdn-Griinbaum (2004) that

Pr/(x) = 2xP}(x)(1 —2B)+2Py(x)(B—2J) = —2((/ —2B)n—B+2J)Py(x) |

Let

Pa(x) = [(1 + A) /PP Po(x) J

(Pn)n satisfies the same differential equation
but now with diagonal eigenvalue —2nl — 4J
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

Pp(x) = /2Py (x) P J

(®5)n is an orthogonal family in L2(R, CV*N)
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

Pp(x) = /2Py (x) P J

(®5)n is an orthogonal family in L2(R, CV*N)

(Pn)n are simultaneously eigenfunctions
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

Pp(x) = /2Py (x) P J

(®5)n is an orthogonal family in L2(R, CV*N)

(Pn)n are simultaneously eigenfunctions
of a differential equation of Schrodinger type

d7(x) — Dp(x) (X% +4J) + ((2n+ 1) +4))d,(x) =0, x€R )
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DIFFERENTIAL AND INTEGRAL EQUATION

Consider the family of matrix-valued functions

Pp(x) = /2Py (x) P J

(®5)n is an orthogonal family in L2(R, CV*N)

(Pn)n are simultaneously eigenfunctions
of a differential equation of Schrodinger type

d7(x) — Dp(x) (X% +4J) + ((2n+ 1) +4))d,(x) =0, x€R )

and an integral operator of Fourier type

1 & e f )
- b, (t e/xtedet — (i nequ)n x), x€R
[ o ()€™ ,(x)
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CONSEQUENCES FOR. (P,),

SYMMETRY CONDITIONS
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CONSEQUENCES FOR. (P,),

SYMMETRY CONDITIONS

REAL INTEGRAL EQUATIONS

e=X/2eimIp, (x)eBX = (—1)”\/>/ e_tz/szn(t)eBt2 cos xte'™ dt,
T Jo

and

e /2einIp, +1(x) \/>/ e t'/2p, +1(t)e Bt gin xte'™ dt
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