
Hermite or wave functions Matrix case

Some examples of matrix-valued
orthogonal functions having a

differential and an integral operator
as eigenfunctions
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Hermite or wave functions Matrix case

Hermite or wave functions

Hermite or wave functions

ψn(x) = 1√
2nn!
√
π
e−x

2/2Hn(x)

where Hn(x) = (−1)nex
2
(e−x

2
)(n), are the Hermite polynomials

(ψn)n is a complete orthonormal set in L2(R), i.e.∫
R
ψn(x)ψ∗m(x)dx = δnm, n,m ≥ 0

(ψn)n are eigenfunctions of the Schrödinger operator

ψ′′n(x)− x2ψn(x) = −(2n + 1)ψn(x), x ∈ R

and the Fourier transform

1√
2π

∫ ∞
−∞

ψn(t)e ixtdt = (i)nψn(x), x ∈ R
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Hermite or wave functions Matrix case

Hermite polynomials

Some consequences for the Hermite polynomials:

Differential equation

H ′′n (x)− 2xH ′n(x) + 2nHn(x) = 0

Real integral equations

e−x
2/2H2n(x) = (−1)n

√
2

π

∫ ∞
0

e−t
2/2H2n(t) cos(xt)dt

e−x
2/2H2n+1(x) = (−1)n

√
2

π

∫ ∞
0

e−t
2/2H2n+1(t) sin(xt)dt
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Hermite or wave functions Matrix case

Matrix-valued function spaces

We will say that F ∈ L2(R,CN×N) if

〈F ,F 〉 .=
∫ ∞
−∞

F (x)F ∗(x)dx <∞,

(
L2(R,CN×N), ‖ · ‖

)
with ‖F‖ = Tr (〈F ,F 〉)1/2 is a Hilbert space

Similarly for the weighted spaces L2
W (R,CN×N) with the inner product

〈F ,G 〉W
.

=

∫ ∞
−∞

F (x)W (x)G∗(x)dx

Typically
W (x) = ρ(x)T (x)T ∗(x),

where T satisfies

T ′(x) = H(x)T (x), T (c) = I , c ∈ R
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Hermite or wave functions Matrix case

Some notation

A =


0 ν1 0 · · · 0
0 0 ν2 · · · 0
...

...
...

. . .
...

0 0 0 · · · νN−1

0 0 0 · · · 0

 , νi ∈ R, J =


N − 1 · · · 0 0

...
. . .

...
...

0 · · · 1 0
0 · · · 0 0


Observe that AN = 0 and adAJ = [A, J] = −A
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For any infinitely differentiable f in a neighborhood of x = 0 we have

f (x) =
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f (j)(0)
x j

j!

Whenever we write f (X ), for any N × N matrix X , we mean

f (X ) =
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j=0

f (j)(0)
X j

j!
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Hermite or wave functions Matrix case

First example

Let W be the following weight matrix

W (x) = e−x
2
eAxeA

∗x , x ∈ R

We know from Durán-Grünbaum (2004) that

P̂ ′′n (x)−2P̂ ′n(x)(xI −A)+ P̂n(x)(A2−2J) = (−2nI +A2−2J)P̂n(x)

Let

Pn(x) = e−A
2/4P̂n(x)

(Pn)n satisfies the same differential equation
but now with diagonal eigenvalue −2nI − 2J
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Hermite or wave functions Matrix case

Differential and integral equation

Consider the family of matrix-valued functions

Φn(x) = e−x
2/2Pn(x)eAx

(Φn)n is an orthogonal family in L2(R,CN×N)

(Φn)n are simultaneously eigenfunctions
of a differential equation of Schrödinger type

Φ′′n(x)− Φn(x)(x2I + 2J) + ((2n + 1)I + 2J)Φn(x) = 0, x ∈ R

and an integral operator of Fourier type

1√
2π

∫ ∞
−∞

Φn(t)e ixte i
π
2
Jdt = (i)ne i

π
2
JΦn(x), x ∈ R
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Hermite or wave functions Matrix case

Consequences for (Pn)n

Symmetry conditions

Pn(x) = (−1)ne iπJPn(−x)e iπJ , W (x) = e iπJW (−x)e iπJ

Real integral equations

Denote C− = sin
(
π
2 J
)
, C+ = cos

(
π
2 J
)

and
kn(x , t) = cos(xt) if n is even and kn(x , t) = sin(xt) if n is odd

e−x
2/2(e iπJ ± I )Pn(x)eAxC± =

(−1)b
n
2
c

√
2π

C±

∫ ∞
−∞

e−t
2/2kn(x , t)Pn(t)eAtdt(e iπJ ± I ),

and

e−x
2/2(e iπJ ± I )Pn(x)eAxC∓ =

±(−1)b
n
2
c

√
2π

C±

∫ ∞
−∞

e−t
2/2kn+1(x , t)Pn(t)eAtdt(e iπJ ∓ I ),
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Hermite or wave functions Matrix case

Case N = 2

The normalized family is

Φn(x) =

 ψn(x)/
√
γn+1 ν1

√
n+1

2γn+1
ψn+1(x)

−ν1

√
n

2γn
ψn−1(x) ψn(x)/

√
γn

 , γn = 1 +
n

2
ν2

1

That means
∫∞
−∞ Φn(x)Φ∗m(x)dx = δnmI , so the diagonal entries are probability

distributions on R. The plots for the first values of n and ν1 = 1 are given by
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Hermite or wave functions Matrix case

We also have

(xI )nm
.

=

∫ ∞
−∞

xΦn(x)Φ∗m(x)dx =

√ nγn+1

2γn
0

0
√

nγn−1

2γn

 δm,n−1

+

(
0 ν1

2
√
γnγn+1

ν1

2
√
γnγn+1

0

)
δm,n +

√ (n+1)γn+2

2γn+1
0

0
√

(n+1)γn
2γn+1

 δm,n+1

Therefore (xI ) is the matrix of the homomorphism F 7→ xF in
L2(R,CN×N) with respect to the basis (Φn)n

(xI ) =



0 ? ?
? 0 0 ?
? 0 0 ? ?

? ? 0 0 ?
? 0 0 ? ?

. . .
. . .

. . .
. . .

. . .
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Hermite or wave functions Matrix case

Second example

Let W be the following weight matrix

W (x) = e−x
2
eBx

2
eB
∗x2
, B = A(I + A)−1

We know from Durán-Grünbaum (2004) that

P̂ ′′n (x)−2xP̂ ′n(x)(I−2B)+2P̂n(x)(B−2J) = −2((I−2B)n−B+2J)P̂n(x)

Let

Pn(x) = [(I + A)−1/2]2n+1P̂n(x)

(Pn)n satisfies the same differential equation
but now with diagonal eigenvalue −2nI − 4J
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Differential and integral equation

Consider the family of matrix-valued functions

Φn(x) = e−x
2/2Pn(x)eBx

2

(Φn)n is an orthogonal family in L2(R,CN×N)

(Φn)n are simultaneously eigenfunctions
of a differential equation of Schrödinger type

Φ′′n(x)− Φn(x)(x2I + 4J) + ((2n + 1)I + 4J)Φn(x) = 0, x ∈ R

and an integral operator of Fourier type

1√
2π

∫ ∞
−∞

Φn(t)e ixte iπJdt = (i)ne iπJΦn(x), x ∈ R
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Hermite or wave functions Matrix case

Consequences for (Pn)n

Symmetry conditions

Pn(x) = (−1)nPn(−x)

Real integral equations

e−x
2/2e iπJP2n(x)eBx

2

= (−1)n
√

2

π

∫ ∞
0

e−t
2/2P2n(t)eBt

2

cos xte iπJdt,

and

e−x
2/2e iπJP2n+1(x)eBx

2

= (−1)n
√

2

π

∫ ∞
0

e−t
2/2P2n+1(t)eBt

2

sin xte iπJdt
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