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Let w be a positive measure on S C R and consider L2(S).
A system of polynomials (g,)n is orthogonal if

(i Gl = / G0 = [l s 2 @
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ORTHOGONAL POLYNOMIALS

Let w be a positive measure on S C R and consider L2(S).
A system of polynomials (g,)n is orthogonal if

(i Gl = / G0 = [l s 2 @
S

This is equivalent to a three-term recurrence relation (g_1 =0,g0 = 1)

Xqn(X) = anqns1(x) + baqn(x) + cngn-1(x), n>1 J

where ap, ¢, # 0, by, € R and qo(x) = 1,9-1(x) = 0.
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ORTHOGONAL POLYNOMIALS

Let w be a positive measure on S C R and consider L2(S).
A system of polynomials (g,)n is orthogonal if

(s Gon)os = / 4 () am(x)d(x) = |Gall2bmm, 7, >0
S

This is equivalent to a three-term recurrence relation (g_1 =0,g0 = 1)

Xqn(X) = anqni1(x) + bngn(x) 4+ cagn-1(x), n>1 J

where ap, ¢, # 0, by, € R and qo(x) = 1,9-1(x) = 0.
Jacobi operator (tridiagonal):

bo ao qo(x) qo(x)
a b a q1(x) (
Ja = Qo b a @(x) | =X | @) | =x3 xS
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ORTHOGONAL POLYNOMIALS

Let w be a positive measure on S C R and consider L2(S).
A system of polynomials (g,)n is orthogonal if

(s Gon)os = / 4 () am(x)d(x) = |Gall2bmm, 7, >0
S

This is equivalent to a three-term recurrence relation (g_1 =0,g0 = 1)

Xqn(X) = anqni1(x) + bngn(x) 4+ cagn-1(x), n>1 J

where ap, ¢, # 0, by, € R and qo(x) = 1,9-1(x) = 0.
Jacobi operator (tridiagonal):

by ag do (X) qo (X)
a b oa q1(x) q1(x)

Ja = Qo b a @(x) | =X | @) | =x3 xS

The converse result is also true (Favard's or spectral theorem)
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(Bochner, 1929) Characterize families (g,), satisfying

7(x)q, (x) + 7(x)n(x) = AnGn(x),

deg(o) <2, deg(r)=1

DA



Markov processes Bivariate Markov processes An example Future work
0@000000000 0000000000 000000 0000

CLASSICAL FAMILIES

(Bochner, 1929) Characterize families (g,), satisfying

o(x)q, (x) + 7(x)qn(x) = AnGn(x), deg(0) <2, deg(r)=1 |

The positive measure w (symmetric) satisfies the Pearson equation
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CLASSICAL FAMILIES

(Bochner, 1929) Characterize families (g,), satisfying

o(x)q, (x) + 7(x)qn(x) = Angn(x), deg(o) <2, deg(r)=1 |

The positive measure w (symmetric) satisfies the Pearson equation

©Q HerMITE: o(x) =1, 7(x) = —2x, A, = —2n

X

2 e
w(x) = e, x € R, normal or Gaussian distribution.
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CLASSICAL FAMILIES

(Bochner, 1929) Characterize families (g,), satisfying

o(x)q, (x) + 7(x)qn(x) = Angn(x), deg(o) <2, deg(r)=1 |

The positive measure w (symmetric) satisfies the Pearson equation

©Q HerMITE: o(x) =1, 7(x) = —2x, A, = —2n

2 . L
X x € R, normal or Gaussian distribution.

w(x)=e"
© LAGUERRE: o(x) =x, 7(x) = —x+a+1, A\, =—n

w(x) = x¥e ¥, x € [0,400),a > —1, Gamma distribution.
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(Bochner, 1929) Characterize families (g,), satisfying

o(x)q, (x) + 7(x)qn(x) = Angn(x), deg(o) <2, deg(r)=1 |

The positive measure w (symmetric) satisfies the Pearson equation

@ HERMITE: o(x) =1, 7(x) = —2x, A\, = —2n
w(x) = e, x € R, normal or Gaussian distribution.

© LAGUERRE: o(x) =x, 7(x) = —x+a+1, A\, =—n
w(x) = x¥e ™, x € [0,400),a > —1, Gamma distribution.

@ JACOBL a(x)=1—-x2 7(x) = —(a+ B+2)x+ S —q,
An=—-n(n+a+p5+1)

w(x) = (1 -x)*(1+x)%,x € [-1,1],a, 8 > —1, Beta kernel.
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MARKOV PROCESSES

A Markov process with state space & C R is a collection of random variables
{X: € §:t €T} indexed by time T (discrete or continuous) such that they

have the Markov property: the future event only depends on the present, not
on the past (no memory).
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MARKOV PROCESSES

A Markov process with state space & C R is a collection of random variables
{X: € §:t €T} indexed by time T (discrete or continuous) such that they
have the Markov property: the future event only depends on the present, not
on the past (no memory).
@ S DISCRETE (MARKOV CHAINS)
The transition probabilities

Pij(t) = Pr(Xe = j|Xo = i), 1,j €{0,1,...}

come in terms of a stochastic matrix

Poo(t) Po:[(t)
P(t) — P1o(t) Pll(t)
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MARKOV PROCESSES

A Markov process with state space & C R is a collection of random variables
{X: € §:t €T} indexed by time T (discrete or continuous) such that they
have the Markov property: the future event only depends on the present, not
on the past (no memory).
@ S DISCRETE (MARKOV CHAINS)
The transition probabilities

Pi(t) =Pr(X. = j|Xo = i), i,j€{0,1,...} J

come in terms of a stochastic matrix
Poo(t) Po:[(t)
P(t) = | Pro(t)  Pu(t)

@ S CONTINUOUS (MARKOV PROCESSES)
The probabilities are described in terms of a density

p(t;x,y) = %Pr(xt <y|Xo=x), x,y€(a,b)CR J




Markov processes Bivariate Markov processes An example Future work
0000000000 000000 0000

00080000000

THREE IMPORTANT CASES

@ Random walks: § ={0,1,2,...}, T ={0,1,2,...}.
bo ao
p=|“ by a bi >0,a,¢i>0, ai+bi+c=1

)

P(n) = P" is the n-step transition probability matrix.



Markov processes Bivariate Markov processes An example Future work
00080000000 0000000000 000000 0000

THREE IMPORTANT CASES

@ Random walks: § ={0,1,2,...}, T ={0,1,2,...}.
bo ao
p=|“ by a , bi>0,a,ci>0, ai+b+c=1

P(n) = P" is the n-step transition probability matrix.
@ Birth-and-death processes: S = {0,1,2,...}, T = [0, 00).
P(t) satisfy the backward and forward equation
P'(t) = AP(t), P'(t)= P(t)A, P(0)=1
—Xo Ao
A=| m —(+m) M Ay pii >0

)
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THREE IMPORTANT CASES

@ Random walks: § ={0,1,2,...}, T ={0,1,2,...}.
bo ao
p=|“ by a , bi>0,a,ci>0, ai+b+c=1

P(n) = P" is the n-step transition probability matrix.
@ Birth-and-death processes: S = {0,1,2,...}, T = [0, 00).

P(t) satisfy the backward and forward equation

P'(t) = AP(t), P'(t)=P(t)A, P(0)=1
—Xo Ao
A= | m —(A1+p) M . Aiui>0

@ Diffusion processes: S = (a,b) CR, T = [0, 00).

The density p(t; x, y) satisfy the backward and forward equation

o o _—
FeP(tixy) = Ap(tix,y),  Zop(tix,y) = Ap(tix, y)

1, d
A=3o (X)W +T(X)$
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Ornstein-Uhlenbeck diffusion process: S = R and 0%(x) =1, 7(x) = —x
It describes the velocity of a massive Brownian particle under the
influence of friction. It is the only nontrivial process which is stationary,

Gaussian and Markovian.

X0:—3

-2

o

X =10

=
o

15

10

10
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SPECTRAL METHODS

Given a infinitesimal operator A, if we can find a measure w(x) associated
with A, and a set of orthogonal eigenfunctions f(/, x) such that

Af (i, x) = N, x)f (i, x)

then it is possible to find spectral representations of
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SPECTRAL METHODS

Given a infinitesimal operator A, if we can find a measure w(x) associated
with A, and a set of orthogonal eigenfunctions f(/, x) such that

Af (i, x) = N, x)f (i, x)

then it is possible to find spectral representations of
@ Transition probabilities

o Discrete case: transition probability matrix Pj(t).
o Continuous case: transition density p(t; x, y).
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SPECTRAL METHODS

Given a infinitesimal operator A, if we can find a measure w(x) associated
with A, and a set of orthogonal eigenfunctions (i, x) such that

Af (i, x) = N, x)f (i, x)

then it is possible to find spectral representations of
@ Transition probabilities

o Discrete case: transition probability matrix Pj(t).
o Continuous case: transition density p(t; x, y).

@ Invariant measure or distribution

o Discrete case: m = (mg, 71,...) > 0 with

T = lim P,J(t)

t—oo

o Continuous case: ¥(y) with

P(y) = Jlim p(t: x,y)
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RANDOM WALKS

S=7T={0,1,2,...}.
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with P which orthogonal polynomials (gn). satisfy (g—1 = 0,q0 = 1)

bo a0 qo(x) go(x)
Pg=|©“ b a q1(x) = x q1(x) . xe[-1,1]
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RANDOM WALKS

S=7T={0,1,2,...}.
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with P which orthogonal polynomials (gn). satisfy (g—1 = 0,q0 = 1)

bo ao CIO(X) qO(X)
pg—[a b = ()| _y (@] e

TRANSITION PROBABILITIES

Q . . 1 !
P,-J-:Pr(X,,:J|Xo:/):W/1

x"qi(x)qj(x)dw(x)
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RANDOM WALKS

S=7T={0,1,2,...}.
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with P which orthogonal polynomials (gn). satisfy (g—1 = 0,q0 = 1)

bo ao CIO(X) qO(X)
P [a b = ()| —y [0 wep1y

TRANSITION PROBABILITIES

" , : S
P; = Pr(X, =j|Xo = i) = W/ x"qi(x)qj(x)dw(x)

=1

INVARIANT MEASURE

Non-null vector 7 = (7o, 71, ... ) > 0 such that
aopdl - adji—1 . 1
ac--¢ &z

TP=7 ==
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S=7T={0,1,2,...}.
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with P which orthogonal polynomials (gn). satisfy (g—1 = 0,q0 = 1)

bo ao CIO(X) qO(X)
P [a b = ()| —y [0 wep1y

TRANSITION PROBABILITIES

" , . S
Pj = Pr(Xo = j1Xo = ) = Tz / X" qi(x) g (x)de(x)

=1

INVARIANT MEASURE

Non-null vector 7w = (7o, 71, ...) > 0 such that
aopdl - adji—1 . 1
ac-a el

TP=7 ==

Examples: Urn models related with Jacobi polynomials (Legendre, Gegenbauer,
Chebyshev).
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§={0,1,2,...}, T =[0,00).
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with A which orthogonal polynomials (¢.)n satisfy (g—1 = 0,q0 = 1)

—Xo Ao qo(x) qo(x)
Ag=| m —M+m) M () | = _ [ (%)
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BIRTH-AND-DEATH PROCESSES

§={0,1,2,...}, T =[0,00).
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with A which orthogonal polynomials (¢.)n satisfy (g—1 = 0,q0 = 1)

—Xo Ao qo(x) qo(x)
Ag=| m —(t+m) M () | = _ [ (%)

TRANSITION PROBABILITIES

1

Pij(t) = Pr(Xe = j|Xo = i) = ol

/0 ~ e gi(x)aix)dw(x)
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§={0,1,2,...}, T =[0,00).
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with A which orthogonal polynomials (¢.)n satisfy (g—1 = 0,q0 = 1)

—Xo Ao qo(x) qo(x)
Ag=| m —M+m) M () | = _ [ (%)

TRANSITION PROBABILITIES

Pi(t) = Pr(X. = j1X0 = i) = ﬁ / ~ e gi(x)aix)dw(x)

INVARIANT MEASURE

Non-null vector 7w = (7o, 71, ...) > 0 such that
AoAL - A 1
TA=0 =m=22 L= 5
papz i llaills

Future work
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BIRTH-AND-DEATH PROCESSES

§={0,1,2,...}, T =[0,00).
Spectral theorem (Karlin-MacGregor, 1959): there exists a measure w
associated with A which orthogonal polynomials (¢.)n satisfy (g—1 = 0,q0 = 1)

—Xo Ao qo(x) qo(x)
Ag=| m —M+m) M () | = _ [ (%)

TRANSITION PROBABILITIES

Pi(t) = Pr(X. = j1X0 = i) = ﬁ / ~ e gi(x)aix)dw(x)

INVARIANT MEASURE

Non-null vector 7w = (7o, 71, ...) > 0 such that
AoAL - A 1
TA=0 =m=22 L= 5
papz i llaills

Examples: Laguerre, Meixner (linear growth models), Charlier (M/M /oo
queue), Krawtchouk (Ehrenfest model) polynomials.
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S=(a,b)CR, T =[0,00).

If there exists a positive measure w symmetric with respect to A and the
corresponding family of orthonormal functions (¢,), satisfy

A9n(x) = 302N + 7)) = ()
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If there exists a positive measure w symmetric with respect to A and the
corresponding family of orthonormal functions (¢,), satisfy

A9n(x) = 302N + 7)) = ()
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DIFFUSION PROCESSES
S=(a,b)CR, T =[0,00).

If there exists a positive measure w symmetric with respect to A and the
corresponding family of orthonormal functions (¢,), satisfy

A9n(x) = 302N + 7)) = ()

INVARIANT MEASURE

Y(y) such that A*Y(y) =0= 2(y) =
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DIFFUSION PROCESSES
S=(a,b)CR, T =[0,00).

If there exists a positive measure w symmetric with respect to A and the
corresponding family of orthonormal functions (¢,), satisfy

A9n(x) = 302N + 7)) = ()

INVARIANT MEASURE

1
Js w(x)dx

Examples: Hermite (Orstein-Uhlenbeck process), Laguerre (squared
Bessel process), Jacobi polynomials (Wright-Fisher model).

Y(y) such that A*Y(y) =0= 2(y) = w(y)
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MATRIX-VALUED ORTHOGONAL POLYNOMIALS

Matrix valued polynomials on the real line:

AX"+ -+ Aix+ Ay, A eC"V
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MATRIX-VALUED ORTHOGONAL POLYNOMIALS

Matrix valued polynomials on the real line:

Anx"+ -4 Arx + Ay, A e CVN
Krein (1949): matrix-valued orthogonal polynomials (MOP)
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MATRIX-VALUED ORTHOGONAL POLYNOMIALS

Matrix valued polynomials on the real line:
Anx"+ -+ Aix + Ao, A eCVN

Krein (1949): matrix-valued orthogonal polynomials (MOP)
Orthogonality: weight matrix W supported on S C R (positive definite with
finite moments) and a matrix valued inner product (Ly(S; CV*M)):

(P, Quw = / P()W(x)Q" (x) dx |
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MATRIX-VALUED ORTHOGONAL POLYNOMIALS

Matrix valued polynomials on the real line:

Ax"+ -+ Aix+ Ay, A eCVV
Krein (1949): matrix-valued orthogonal polynomials (MOP)
Orthogonality: weight matrix W supported on S C R (positive definite with
finite moments) and a matrix valued inner product (Ly(S; CV*M)):

(P, Quw = / P()W(x)Q" (x) dx |

A system of MOP (Q,)n ((Qn, Qm)w = ||Q,|[¢vSnm) satisfies a three-term
recurrence relation (Q_; =0,Qq = 1)

xQp(x) = ArQpi1(x) + BrQu(x) + CaQn1(x), det(C,) # 0 J
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MATRIX-VALUED ORTHOGONAL POLYNOMIALS

Matrix valued polynomials on the real line:

Anx" + -+ Aix + Ao, A; € CVN
Krein (1949): matrix-valued orthogonal polynomials (MOP)
Orthogonality: weight matrix W supported on S C R (positive definite with
finite moments) and a matrix valued inner product (L (S;CV*")):

(P, Quw = / P()W(x)Q" (x) dx |

A system of MOP (Q,)n ((Qn, Qm)w = ||Q,|[¢vSnm) satisfies a three-term
recurrence relation (Q_; =0,Qq = 1)

XQn(X) = AnQn+1(X) = BnQn(X) = CnQn—l(X)y det(cn) # 0 J
Jacobi operator (block tridiagonal)
By Ao Qo(x) Qo(x)
G B A Qi (x) Qi (x)
) )| =xQ, xes8

JQ = C B A Qa(x
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MATRIX-VALUED ORTHOGONAL POLYNOMIALS

Matrix valued polynomials on the real line:

Anx" + -+ Aix + Ao, A; € CVN
Krein (1949): matrix-valued orthogonal polynomials (MOP)
Orthogonality: weight matrix W supported on S C R (positive definite with
finite moments) and a matrix valued inner product (L (S;CV*")):

(P, Quw = / P()W(x)Q" (x) dx |

A system of MOP (Q,)n ((Qn, Qm)w = ||Q,|[¢vSnm) satisfies a three-term
recurrence relation (Q_; =0,Qq = 1)

XQn(X) = AnQn+1(X) = BnQn(X) = CnQn—l(X)y det(cn) # 0 J
Jacobi operator (block tridiagonal)
Bo Ao Qo(x) Qo(x)
C: B A; Q1(X) Q1(X)
JQ = C. B, A, Q:(x) [ =x | Qu(x) =xQ, x€8

The converse result is also true (Favard's or spectral theorem**)
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Durdn (1997): characterize families of MOP (Q,), satisfying

DQy(x) = F2(x)Q; (x) + F1(x)Q,(x) + Fo(x)Qn(x) = Qn(x)T |

where deg(F;(x) <j) and T, € RV*N.
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Durdn (1997): characterize families of MOP (Q,), satisfying

DQy(x) = Fa(x)Q; (x) + F1(x)Q,(x) + Fo(x)Qn(x) = Qu(x)Tr |

where deg(F;(x) <j) and T, € RV*N.
Equivalent to the symmetry of D with respect to the inner product, i.e.
(DP, Q) = (P,DQ),y, for all matrix polynomials P, Q.
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Durdn (1997): characterize families of MOP (Q,), satisfying

DQy(x) = Fa(x)Q; (x) + F1(x)Q,(x) + Fo(x)Qn(x) = Qu(x)Tr |

where deg(F;(x) <j) and T, € RV*N.
Equivalent to the symmetry of D with respect to the inner product, i.e.
(DP, Q) = (P,DQ),y, for all matrix polynomials P, Q.

SYMMETRY EQUATIONS OR MATRIX PEARSON EQUATIONS

A3 (X)W (x) = W(x)Az(x)
AT (X)W(x) = (W(x)A2(x))" — W(x)A1(x)

Ao (x)W(x) = %(W(X)Az(X))” — (W()A1L(x)) + W(x)Ao(x)
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Durdn (1997): characterize families of MOP (Q,), satisfying

DQy(x) = Fa(x)Q; (x) + F1(x)Q,(x) + Fo(x)Qn(x) = Qu(x)Tr |

where deg(F;(x) <j) and T, € RV*N.
Equivalent to the symmetry of D with respect to the inner product, i.e.
(DP, Q) = (P,DQ),y, for all matrix polynomials P, Q.

SYMMETRY EQUATIONS OR MATRIX PEARSON EQUATIONS

A3 (X)W (x) = W(x)Az(x)
AT (X)W(x) = (W(x)A2(x))" — W(x)A1(x)

Ao (x)W(x) = %(W(X)Az(X))” — (W()A1L(x)) + W(x)Ao(x)

@ New examples and methods: Since 2002, Durédn, Griinbaum,
Pacharoni, Tirao, Castro, Romdan, Mdl...



Markov processes Bivariate Markov processes An example Future work
00000000000 0O@00000000 000000 0000

Durdn (1997): characterize families of MOP (Q,), satisfying

DQy(x) = Fa(x)Q; (x) + F1(x)Q,(x) + Fo(x)Qn(x) = Qu(x)Tr |

where deg(F;(x) <j) and T, € RV*N.
Equivalent to the symmetry of D with respect to the inner product, i.e.
(DP, Q) = (P,DQ),y, for all matrix polynomials P, Q.

SYMMETRY EQUATIONS OR MATRIX PEARSON EQUATIONS

Az (x)W(x) = W(x)A2(x)
AL ()W (x) = (W(x)Ax(x))" = W(x)A1(x)
Ao (x)W(x) = %(W(X)Az(X))" — (W()A1L(x)) + W(x)Ao(x)

@ New examples and methods: Since 2002, Durédn, Griinbaum,
Pacharoni, Tirao, Castro, Romdan, Mdl...

@ New phenomena: MOP satisfying odd order differential equations,
several second-order differential operators for a fixed family of MOP
and viceversa, family of ladder operators...
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BIVARIATE MARKOV PROCESSES

Now we have a bivariate or 2-component Markov process of the form
{(Xt7 Yt) te T}
indexed by time 7 (time) and with state space S x {1,2,...,N}, S CR.
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BIVARIATE MARKOV PROCESSES

Now we have a bivariate or 2-component Markov process of the form
{(Xt7 Yt) te T}

indexed by time 7 (time) and with state space S x {1,2,...,N}, S CR.
The first component is the level while the second component is the phase.
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BIVARIATE MARKOV PROCESSES

Now we have a bivariate or 2-component Markov process of the form
{(Xt7 Yt) te T}

indexed by time 7 (time) and with state space S x {1,2,...,N}, S CR.
The first component is the level while the second component is the phase.
Now the transition probabilities are matrix-valued.

@ S DISCRETE: block transition probabilities

(Pi)iy () =Pr(Xe = J, Ye =1%o = i, Yo = i") J

The block matrix is stochastic.
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BIVARIATE MARKOV PROCESSES

Now we have a bivariate or 2-component Markov process of the form
{(Xt7 Yt) te T}

indexed by time 7 (time) and with state space S x {1,2,...,N}, S CR.
The first component is the level while the second component is the phase.
Now the transition probabilities are matrix-valued.

@ S DISCRETE: block transition probabilities

(Pi)iy () =Pr(Xe = J, Ye =1%o = i, Yo = i") J

The block matrix is stochastic.
@ S CONTINUOUS: matrix transition density

P . .
Py(tix,y) = oPr(Xe <y, Ye = jIXo = x, Yo = 1) \

Every entry must be nonnegative and
P(t;x,Aley < ey, ey=(1,1,...,1)"
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BIVARIATE MARKOV PROCESSES

Now we have a bivariate or 2-component Markov process of the form
{(Xt7 Yt) te T}

indexed by time 7 (time) and with state space S x {1,2,...,N}, S CR.
The first component is the level while the second component is the phase.
Now the transition probabilities are matrix-valued.

@ S DISCRETE: block transition probabilities

(Pi)iy () =Pr(Xe=j, Ye=j/|Xo =i, Yo=1) J

The block matrix is stochastic.
@ S CONTINUOUS: matrix transition density

1o} . .
Pii(t;x,y) = a—yPr(Xt <y, Y:=j|Xo=x, Yo =1) ’

Every entry must be nonnegative and
P(t;x,Aley < ey, ey=(1,1,...,1)"
Ideas behind: random evolutions

(Griego-Hersh-Papanicolaou-Pinsky-Kurtz...60's and 70’s).
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QUASI—BIRTH—AND—DEATH PROCESSES

@ DISCRETE TIME: State space {0,1,2,...} x {1,2,..., N}, time
T=4{0,1,2,...} and

(Pi)irjr = Pr(Xog1 =J, Yor1 :j'|X,, =i, Y,= i/) =0 for |i—j|>1.
i.e. a N x N block tridiagonal transition probability matrix (stochastic)

By Ao
p=|C B A
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QUASI—BIRTH—AND—DEATH PROCESSES

@ DISCRETE TIME: State space {0,1,2,...} x {1,2,..., N}, time
T=4{0,1,2,...} and

(Pi)irjr = Pr(Xog1 =J, Yor1 :j'|X,, =i, Y,= i/) =0 for |i—j|>1.
i.e. a N x N block tridiagonal transition probability matrix (stochastic)

By Ao
p=|C B A

@ CONTINUOUS TIME: State space {0,1,2,...} x {1,2,..., N}, time
T = [0, +00). The matrix P is now given by

(Pij)i’j’ (t) = Pr(Xf :.j7 Y: :.jl|X0 = "7 Yo = il)
and will satisfy the so-called backward and forward equations

P'(t) = AP(t), P'(t)=P(t)A
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QUASI—BIRTH—AND—DEATH PROCESSES

@ DISCRETE TIME: State space {0,1,2,...} x {1,2,..., N}, time
T=4{0,1,2,...} and

(Pi)irjr = Pr(Xog1 =J, Yor1 :j'|X,, =i, Y,= i/) =0 for |i—j|>1.
i.e. a N x N block tridiagonal transition probability matrix (stochastic)

By Ao
p=|C B A

@ CONTINUOUS TIME: State space {0,1,2,...} x {1,2,..., N}, time
T = [0, +00). The matrix P is now given by

(P,’j)i,j, (t) =Pr(X: =4, Ys :j'|Xo =i, Y= i')
and will satisfy the so-called backward and forward equations
P'(t) = AP(t), P'(t)=P(t)A
In both cases, the invariant distribution (n, t — 00) is

m=(mo;my;---) >0, meRY

such that wP = 7 (discrete case) or w.A = 0 (continuous case).
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SWITCHING DIFFUSION PROCESSES

The state space is now (a, b) x {1,2,..., N} and time 7 = [0, c0).
The density matrix P(t; x, y) satisfies the backward and forward equations

0 17} .
ap(trxzy)_AP(trxu}/L EP(t,X,y)—P(t,X,y)A

where A is a matrix-valued differential operator

1 0
A0 +B00-L + Q2 |
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SWITCHING DIFFUSION PROCESSES

The state space is now (a, b) x {1,2,..., N} and time 7 = [0, c0).

The density matrix P(t; x, y) satisfies the backward and forward equations
%P(t:x,y) = AP(t; x,y), %P(t:x,y) =P(t;x,y) A"
where A is a matrix-valued differential operator

A= EA(X)W + B(X)ﬁ + Q(X)m

1 d? d* d° J

We have that A(x) and B(x) are diagonal matrices and Q(x) is the
infinitesimal operator of a continuous time Markov chain, i.e.

Qii(X) S 07 Q,J(X) 2 07 i 75./7 Q(X)eN = 0
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SWITCHING DIFFUSION PROCESSES

The state space is now (a, b) x {1,2,..., N} and time 7 = [0, c0).
The density matrix P(t; x, y) satisfies the backward and forward equations

ﬁp(t:x,y) = AP(t; x,y), EP(t:X,y) =P(t;x,y)A"

ot ot
where A is a matrix-valued differential operator
1 d? d' d°
A= SA() 25 +B() 2 + Q) J

We have that A(x) and B(x) are diagonal matrices and Q(x) is the
infinitesimal operator of a continuous time Markov chain, i.e.

Qii(X) S 07 Q,J(X) 2 07 i 75./7 Q(X)eN = 0

The row vector-valued invariant distribution (t — c0)

D) = (1) (V) n(y), 0 < () < (/ W) dy) en =1
satisfies

P(y)A" = Z(P()AY)) — (¥(y)B(y)) +¥(y)Q(y) =0

N =
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STOCHASTIC REPRESENTATION (N = 3 PHASES)

N = 3 phases and S = R with
Ai(x)=i* Bj(x)=—-ix, i=1,23

Bivariate Ornstein—Uhlenbeck process
T T T T

o 2] g

N
T
I

-4t 4

-8k | | | | | | L4
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N = 3 phases and S = R with
Ai(x)=i% Bj(x)=—-ix, i=1,23.

Bivariate Ornstein—Uhlenbeck process
T T T T

o 2] g

%
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STOCHASTIC REPRESENTATION (N = 3 PHASES)

N = 3 phases and S = R with
Ai(x)=i* Bj(x)=—-ix, i=1,23

Bivariate Ornstein—Uhlenbeck process

e

o
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STOCHASTIC REPRESENTATION (N = 3 PHASES)

N = 3 phases and S = R with
Ai(x)=i* Bj(x)=—-ix, i=1,23

Bivariate Ornstein—Uhlenbeck process

4*

N
T

=)

-4t

-8k
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SPECTRAL METHODS

Now, given a matrix-valued infinitesimal operator A, if we can find a
weight matrix W(x) associated with .4, and a set of orthogonal matrix
eigenfunctions F(/, x) such that

AF (i, x) = F(i, x)A(i, x)

then it is possible to find spectral representations of
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SPECTRAL METHODS

Now, given a matrix-valued infinitesimal operator A, if we can find a
weight matrix W(x) associated with .4, and a set of orthogonal matrix
eigenfunctions F(/, x) such that

AF (i, x) = F(i, x)A(i, x)
then it is possible to find spectral representations of

@ Transition probabilities

o Discrete case: transition probability matrix P(t)
o Continuous case: transition density P(t; x, y).
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SPECTRAL METHODS

Now, given a matrix-valued infinitesimal operator A, if we can find a
weight matrix W(x) associated with .4, and a set of orthogonal matrix
eigenfunctions F(/, x) such that

AF (i, x) = F(i, x)A(i, x)
then it is possible to find spectral representations of

@ Transition probabilities

o Discrete case: transition probability matrix P(t)
o Continuous case: transition density P(t; x, y).

@ Invariant measure or distribution
o Discrete case: m = (o, 71, ...) > 0 with
mj = lim P(t) € R
o Continuous case: ¥(y) = (¥1(y), Y2(y), - - ., ¥n(y)) with
¥iy) = im P(tx,y)
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QUASI—BIRTH—AND—DEATH PROCESSES

@ DISCRETE TIME: {0,1,2,...} x {1,2,...,N}, T ={0,1,2,...}.
Spectral theorem (Griinbaum, Dette et al., 2006): 3* W on [—1,1]
associated with P which MOP (Q,), satisfy PQ = xQ (Q_; =0,Q, = 1)

-1

" ( /1 XHQI(X)W(X)Q;(X)dX) ( /_ 11 Q(x)W(x)Q; (X)dx) B J
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QUASI-BIRTH-AND-DEATH PROCESSES

@ DISCRETE TIME: {0,1,2,...} x {1,2,...,N}, T ={0,1,2,...}.
Spectral theorem (Griinbaum, Dette et al., 2006): 3* W on [—1,1]
associated with P which MOP (Q,), satisfy PQ = xQ (Q_; =0,Q, = 1)

Pf}:(/_ll QW) dx)(/ Q;(x)W(x)Q; (x)d )1 J

@ CONTINUOUS TIME: {0,1,2,...} x {1,2,..., N}, T = [0, c0)
Spectral theorem (Detter-Reuther, 2010): 3* W on [0, co) associated
with A which MOP (Q,,), satisfy AQ = —xQ (Q_1 =0,Qq =1)

P;(t) = (/Ooo e Qi(x)W(x)Q dx) (/ Q,;(x)W(x)Q} (X)dx)l J
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QUASI—BIRTH—AND—DEATH PROCESSES

@ DISCRETE TIME: {0,1,2,...} x {1,2,...,N}, T ={0,1,2,...}.
Spectral theorem (Griinbaum, Dette et al., 2006): 3* W on [—1,1]
associated with P which MOP (Q,), satisfy PQ = xQ (Q_; =0,Q, = 1)

pr (/_11 QOW()Q; dx)</ Q;(x)W(x)Q; (x)d )1 J

@ CONTINUOUS TIME: {0,1,2,...} x {1,2,..., N}, T = [0, c0)
Spectral theorem (Detter-Reuther, 2010): 3* W on [0, co) associated
with A which MOP (Q,), satisfy AQ = —xQ (Q_; =0,Q = 1)

P;(t) = (/OOO e *Q;(x)W(x)Q dx) (/ Q(x)W(x)Q; (X)dx)l

INVARIANT MEASURE (MDI, 2011)

7 = (mo; 71; - -+ ) = (Ioen; ILiey; - - - ) such that wP = 7 (discrete time) or
7 A = 0 (continuous time)

I, =(C] - CI) 'Mo(Ag- - Ap_1) = </supp(W) Q,,(x)W(x)Qﬁ(x)dx) )
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SWITCHING DIFFUSION MODELS
State space: (a,b) x {1,2,...,N}. Time: T = [0, c0)

If there exists a weight matrix W symmetric with respect to A which
matrix-valued orthonormal functions (®,), satisfies

APy (x) = %A(X)‘I’Z’(X) +B(x)®7,(x) + Q(x)®n(x) = ®n(x)T
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SWITCHING DIFFUSION MODELS

State space: (a,b) x {1,2,...,N}. Time: T = [0, c0)
If there exists a weight matrix W symmetric with respect to A which
matrix-valued orthonormal functions (®,), satisfies

APy (x) = %A(X)‘?Z’(X) +B(x)®7,(x) + Q(x)®n(x) = ®n(x)T
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SWITCHING DIFFUSION MODELS
State space: (a,b) x {1,2,...,N}. Time: T = [0, c0)

If there exists a weight matrix W symmetric with respect to A which
matrix-valued orthonormal functions (®,), satisfies

APy (x) = %A(X)‘Fn’(X) +B(x)®7,(x) + Q(x)®n(x) = ®n(x)T

INVARIANT DISTRIBUTION (MDI, 2012)

P(y) = (¥1(y), ¥2(y), ..., ¥n(y)) such that o(y)A* =0
= P(y) = ( / eLW(x)eNdx> eTW(y)
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AN EXAMPLE COMING FROM GROUP REPRESENTATION

Let Ne{1,2,...}, o, > —1,0< k < 8 +1 and Ej will denote the
matrix with 1 at entry (/,;) and O otherwise.

For x € (0,1), we have a symmetric pair {W, A}
(Griinbaum-Pacharoni-Tirao, 2002) where

N . .
W(X)_Xa(l_x),@Z(B_I{(j‘ll—l) <N+/C:Il,_1)XNiEii

i=1

1 d? d d°
A= SA() 25 + B2 + Q)75
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AN EXAMPLE COMING FROM GROUP REPRESENTATION

Let Ne{1,2,...}, o, > —1,0< k < 8 +1 and Ej will denote the
matrix with 1 at entry (/,;) and O otherwise.

For x € (0,1), we have a symmetric pair {W, A}
(Griinbaum-Pacharoni-Tirao, 2002) where

N . .
W(X)_Xa(l_x),@Z(B_I{(j‘ll—].) <N+/C:Il,_1)XNiEii

i=1

1 d? d d°
A= SA() 25 + B2 + Q)75
N

A(x) =2x(1=x)I, B(x) =Y [a+1+N—i—x(a+pB+2+N-i)E;
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AN EXAMPLE COMING FROM GROUP REPRESENTATION

Let Ne{1,2,...}, o, > —1,0< k < 8 +1 and Ej will denote the
matrix with 1 at entry (/,;) and O otherwise.

For x € (0,1), we have a symmetric pair {W, A}
(Griinbaum-Pacharoni-Tirao, 2002) where

N . .
W(X)_Xa(l_x),BZ(B_fj‘ll—].) <N+/C:Il,_1)XNiEii

i=1

1 d? d d°
A= SA() 25 + B2 + Q)75
N

A(x) =2x(1=x)I, B(x) =Y [a+1+N—i—x(a+pB+2+N-i)E;
i=1
N N N—-1

Q) = 3 (B o1 — S (0 + wil))Es + 3 A(Es o,

i=2 i=1 i=1

NG) = 7 (N =)+ 8= k), i) = 1 fx(i —1)(N — i + k).
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A QUASI-BIRTH-AND-DEATH PROCESS

It is possible to get (Griinbaum-Mdl, 2008) an equivalent symmetric pair
{W, A} and a family of MOP (Q,), such that Q_; = 0,Qo = I and

Qn(l)eN =e€en, ey= (1717 T 71)T J
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A QUASI-BIRTH-AND-DEATH PROCESS

It is possible to get (Griinbaum-Mdl, 2008) an equivalent symmetric pair
{W, A} and a family of MOP (Q,), such that Q_; = 0,Qo = I and

Qn(l)eN:eNy eN:(1a17"' al)T J
The family (Q,), satisfies a three-term recurrence relation

xQn(x) = ApQui1(x) + BoQu(x) + CQp_1(x), n=0,1,...,

where B, is tridiagonal, A, is lower bidiagonal and C,, is upper
bidiagonal. The corresponding Jacobi matrix P is stochastic

By Ag
C1 Bl A1
P= C, B, A,
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A QUASI-BIRTH-AND-DEATH PROCESS

ItNis pgssible to get (Griinbaum-Mdl, 2008) an equivalent symmetric pair
{W, A} and a family of MOP (Q,), such that Q_; =0,Q¢ = I and
| Q.()ey =en, ey=(1,1,---,1)7 J
The family (Q,), satisfies a three-term recurrence relation

xQn(x) = ApQui1(x) + BoQu(x) + CQp_1(x), n=0,1,...,

where B, is tridiagonal, A, is lower bidiagonal and C,, is upper
bidiagonal. The corresponding Jacobi matrix P is stochastic

By, A,
C: B: A

P = C, B, A,

@ n-step transition probability matrix P” is terms of the
Karlin-McGregor representation and the invariant measure .
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A QUASI-BIRTH-AND-DEATH PROCESS

ItNis pgssible to get (Griinbaum-Mdl, 2008) an equivalent symmetric pair
{W, A} and a family of MOP (Q,), such that Q_; =0,Q¢ = I and
| Q.()ey =en, ey=(1,1,---,1)7 J
The family (Q,), satisfies a three-term recurrence relation

xQn(x) = ApQui1(x) + BoQu(x) + CQp_1(x), n=0,1,...,

where B, is tridiagonal, A, is lower bidiagonal and C,, is upper
bidiagonal. The corresponding Jacobi matrix P is stochastic

By, A,
C: B: A

P = C, B, A,

@ n-step transition probability matrix P” is terms of the
Karlin-McGregor representation and the invariant measure .

@ We studied recurrence, the shape of the invariant distribution and
other probabilistic aspects.
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PARTICULAR CASE a = =0, k=1/2, N =2

Pentadiagonal transition probability matrix:

502 2
9 9 9
2 7 4 3
9 18 45 10
5 1 107 3 27
36 18 225 50 100
po| 1 A B 6 2
6 75 50 175 7
14 2 597 4 40
75 75 1225 147 147
L 6 4 8 5
5 245 98 441 18
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PARTICULAR CASE a = =0, k=1/2, N =2

Pentadiagonal transition probability matrix:

502 2
9 9 9
2 7 4 3
9 18 45 10
5 1 107 3 27
36 18 225 50 100
po| 1 A B 6 2
6 75 50 175 7
14 2 597 4 40
75 75 1225 147 147
L 6 4 8 5
5 245 98 441 18

Invariant measure such that #P =«
ro(32,00.8,2 12,1 20,20 5452 2, 005 58

Future work
0000
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ASSOCIATED NETWORK
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A VARIANT OF THE WRIGHT-FISHER MODEL

The Wright-Fisher diffusion model involving only mutation effects
considers a big population of constant size M of two types A and B

1+8 4o

A25B, B—25A af>-1
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A VARIANT OF THE WRIGHT-FISHER MODEL

The Wright-Fisher diffusion model involving only mutation effects
considers a big population of constant size M of two types A and B

1+8 4o

A25B, B—25A af>-1

As M — o0, this model can be described by a diffusion process whose
state space is S = [0, 1] with drift and diffusion coefficient

T(X):Oé—i-l—X(Oé—Fﬁ—Fz), 0'2(X):2X(1_X)a Oé,ﬁ>—1
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A VARIANT OF THE WRIGHT-FISHER MODEL

The Wright-Fisher diffusion model involving only mutation effects
considers a big population of constant size M of two types A and B

1+8 4o

A25B, B—25A af>-1

As M — o0, this model can be described by a diffusion process whose
state space is S = [0, 1] with drift and diffusion coefficient

T(X):O{—i-l—X(Oé—Fﬁ—Fz), 0'2(X):2X(1_X)a avﬁ>_1

The N phases of our bivariate Markov process are variations of the
Wright-Fisher model in the drift coefficients:

Bi(x)=a+1+N—-i—x(a+8+2+N-1i), Aix)=2x(1-x)

Now there is an extra parameter k € (0,5 + 1) in Q(x), which measures
how the process moves through all the phases.
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SOME SAMPLE PATHS

o=1,8=2k=0.2, 7 changes
T

0.6

0.4

0.2

o
N}
w
ES

«=0.5,p=2,k=2.8, 10 changes
1 T T

0.8~

0.6

0.4
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SPECTRAL ANALYSIS

There exists a family of orthonormal MOP (@), (matrix-valued spherical
functions) such that

%A(x)qﬂ;(x) + BO)®4(x) + Q) ®n(x) = @o(x)T
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SPECTRAL ANALYSIS

There exists a family of orthonormal MOP (@), (matrix-valued spherical
functions) such that

%A(x)qﬂ;(x) + BO)®4(x) + Q) ®n(x) = @o(x)T

TRANSITION PROBABILITY MATRIX (MDI, 2012)

P(tix,y) =Y ®a(x)e" " @ (y)W(y)
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SPECTRAL ANALYSIS

There exists a family of orthonormal MOP (@), (matrix-valued spherical
functions) such that

%A(X)‘I’Z(X) +B(x)®5(x) + Q(x)®1(x) = ®n(x)T

TRANSITION PROBABILITY MATRIX (MDI, 2012)

P(t;x,y) = Z@ )e " @ (y)W(y)

INVARIANT DISTRIBUTION (MDI, 2012)

= P(y) = (/Ole,CW(x)eNdx) _leLW(y), e’ =(1,1,...,1)

_ N—j N—1\ (a+B+N\ (B+N)(kK)n—;(B—k+1);_
Yily) =y (1 _Y)B(j—l)(a o ) (a+BN—li+2)N_1 =
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SPECTRAL ANALYSIS

There exists a family of orthonormal MOP (@), (matrix-valued spherical
functions) such that

%A(X)‘I’Z(X) +B(x)®5(x) + Q(x)®1(x) = ®n(x)T

TRANSITION PROBABILITY MATRIX (MDI, 2012)

P(t;x,y) Zi’ )e" "B (y)W(y)

INVARIANT DISTRIBUTION (MDI, 2012)

-1

= P(y) = (/Ole,CW(x)eNdx) enW(y), e =(1,1,...,1)

_ N—j N—1\ (a+B+N\ (B+N)(kK)n—;(B—k+1);_
Yily) =y (1 _Y)ﬁ(j—1)<a o ) (oz—f—BN—li—i—Q)N_l =

@ In (Mdl, 2012) | have studied the probabilistic aspects of this process in
terms of the parameters, like waiting times, tendency, the invariant
distribution or the probabilistic meaning of the new parameter k.
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@ Accommodate examples of MOP to bivariate Markov processes

o DISCRETE CASE: Find appropriate families of MOP for which

the corresponding Jacobi matrix is either stochastic or the
infinitesimal operator of a continuous-time

quasi-birth-and-death process. 7

o CONTINUOUS CASE: Given a symmetric pair {W, A}, find an
appropriate transformation (depending on x)

operator of a switching diffusion process.

{W, A} — {W, A} such that the new A is the infinitesimal

@ Apply spectral methods to examples of real world bivariate Markov
processes in the literature.

: Find eigenfunctions and the corresponding weight
matrix W for a given infinitesimal operator A.

: Find weight matrices such that they are
variations of continuous and scalar weights, or matrix-valued

eigenfunctions combinations of scalar special functions.
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@ Accommodate examples of MOP to bivariate Markov processes

@ DISCRETE CASE: Find appropriate families of MOP for which
the corresponding Jacobi matrix is either stochastic or the
infinitesimal operator of a continuous-time
quasi-birth-and-death process.
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@ Accommodate examples of MOP to bivariate Markov processes

@ DISCRETE CASE: Find appropriate families of MOP for which
the corresponding Jacobi matrix is either stochastic or the
infinitesimal operator of a continuous-time
quasi-birth-and-death process. -

o CONTINUOUS CASE: Given a symmetric pair {W, A}, find an
appropriate transformation (depending on x)

{W, A} — {W, A} such that the new A is the infinitesimal
operator of a switching diffusion process.
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@ Accommodate examples of MOP to bivariate Markov processes

@ DISCRETE CASE: Find appropriate families of MOP for which
the corresponding Jacobi matrix is either stochastic or the
infinitesimal operator of a continuous-time
quasi-birth-and-death process. -

o CONTINUOUS CASE: Given a symmetric pair {W, A}, find an
appropriate transformation (depending on x)

{W, A} — {W, A} such that the new A is the infinitesimal
operator of a switching diffusion process.

© Apply spectral methods to examples of real world bivariate Markov
processes in the literature.
Main problem: Find eigenfunctions and the corresponding weight
matrix W for a given infinitesimal operator A.
Possible approach: Find weight matrices such that they are

variations of continuous and scalar weights, or matrix-valued
eigenfunctions combinations of scalar special functions.
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3 YEARS AHEAD II

© NONCOMMUTATIVE INTEGRABLE SYSTEMS

Some of the families of MOP are related to noncommutative

Painlevé equations via Riemann-Hilbert problems (Cafasso-Mdi,
2013).

Main tool: Integral representations of some families of MOP. We
plan to in continue this work by considering connections of other
families with some nonlinear differential equations, or with random
matrices problems.
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© NONCOMMUTATIVE INTEGRABLE SYSTEMS

Some of the families of MOP are related to noncommutative
Painlevé equations via Riemann-Hilbert problems (Cafasso-Mdi,
2013).

Main tool: Integral representations of some families of MOP. We
plan to in continue this work by considering connections of other
families with some nonlinear differential equations, or with random
matrices problems.

© OTHER OPEN PROBLEMS

@ Finding new examples and phenomena of some of these MOP.
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© NONCOMMUTATIVE INTEGRABLE SYSTEMS

Some of the families of MOP are related to noncommutative
Painlevé equations via Riemann-Hilbert problems (Cafasso-Mdi,
2013).

Main tool: Integral representations of some families of MOP. We
plan to in continue this work by considering connections of other
families with some nonlinear differential equations, or with random
matrices problems.

© OTHER OPEN PROBLEMS

@ Finding new examples and phenomena of some of these MOP.
o Electrostatic interpretation of the zeros of MOP (these are
given by det(Q,(x)) = 0)
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© NONCOMMUTATIVE INTEGRABLE SYSTEMS

Some of the families of MOP are related to noncommutative

Painlevé equations via Riemann-Hilbert problems (Cafasso-Mdi,
2013).

Main tool: Integral representations of some families of MOP. We
plan to in continue this work by considering connections of other
families with some nonlinear differential equations, or with random
matrices problems.

© OTHER OPEN PROBLEMS

@ Finding new examples and phenomena of some of these MOP.

o Electrostatic interpretation of the zeros of MOP (these are
given by det(Q,(x)) = 0)

@ Asymptotic analysis of some of these families.
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3 YEARS AHEAD II

© NONCOMMUTATIVE INTEGRABLE SYSTEMS

Some of the families of MOP are related to noncommutative
Painlevé equations via Riemann-Hilbert problems (Cafasso-Mdi,
2013).

Main tool: Integral representations of some families of MOP. We
plan to in continue this work by considering connections of other
families with some nonlinear differential equations, or with random
matrices problems.

© OTHER OPEN PROBLEMS

@ Finding new examples and phenomena of some of these MOP.

o Electrostatic interpretation of the zeros of MOP (these are
given by det(Q,(x)) = 0)

@ Asymptotic analysis of some of these families.

@ Principal dynamical components (Mdl-Tabak, 2013).
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@ SIGNAL PROCESSING

Related to commuting integral and differential operators (for
example prolate spheroidal wave functions).
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© SIGNAL PROCESSING
Related to commuting integral and differential operators (for
example prolate spheroidal wave functions).
From the discrete setting (Griinbaum, 1983), given a full matrix M
(integral operator) one tries to find a tridiagonal matrix T
(differential operator) with simple spectrum such that MT = TM.
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© SIGNAL PROCESSING
Related to commuting integral and differential operators (for
example prolate spheroidal wave functions).
From the discrete setting (Griinbaum, 1983), given a full matrix M
(integral operator) one tries to find a tridiagonal matrix T
(differential operator) with simple spectrum such that MT = TM.
Something similar can be done in the matrix case
(Durén-Griinbaum, 2005), but now with a 2 x 2 block matrix M.
The reproducing kernel of M is given by

Q —
My = [ QUOW(IQ) (). 7j=0.1,....T
0

Here the band limiting is the restriction to the interval (0,) and
the time limiting the restriction to the range 0,1,..., T.
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© SIGNAL PROCESSING
Related to commuting integral and differential operators (for
example prolate spheroidal wave functions).

From the discrete setting (Griinbaum, 1983), given a full matrix M
(integral operator) one tries to find a tridiagonal matrix T
(differential operator) with simple spectrum such that MT = TM.
Something similar can be done in the matrix case
(Durén-Griinbaum, 2005), but now with a 2 x 2 block matrix M.
The reproducing kernel of M is given by

Q —
My = [ QUOW(IQ) (). 7j=0.1,....T
0

Here the band limiting is the restriction to the interval (0,) and
the time limiting the restriction to the range 0,1,..., T.

They found a block tridiagonal T such that MT = TM.
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© SIGNAL PROCESSING
Related to commuting integral and differential operators (for
example prolate spheroidal wave functions).
From the discrete setting (Griinbaum, 1983), given a full matrix M
(integral operator) one tries to find a tridiagonal matrix T
(differential operator) with simple spectrum such that MT = TM.
Something similar can be done in the matrix case
(Durén-Griinbaum, 2005), but now with a 2 x 2 block matrix M.
The reproducing kernel of M is given by

Q —
My = [ QUOW(IQ) (). 7j=0.1,....T
0

Here the band limiting is the restriction to the interval (0,) and
the time limiting the restriction to the range 0,1,..., T.

They found a block tridiagonal T such that MT = TM.
Main goal: Explore this example in depth or find other examples.



Markov processes Bivariate Markov processes An example Future work
00000000000 0000000000 000000 oooe

5 YEARS AHEAD II

© NONCOMMUTATIVE HARMONIC OSCILLATORS

It is very well known that the quantum harmonic oscillator can be
studied using Hermite or wave functions 1,(x). These functions are
eigenfunctions of the Schrodinger equation

Uy (x) = x*tn(x) = —(2n + 1)¢n(x)
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© NONCOMMUTATIVE HARMONIC OSCILLATORS

It is very well known that the quantum harmonic oscillator can be
studied using Hermite or wave functions 1,(x). These functions are
eigenfunctions of the Schrodinger equation

Uy (x) = x*tn(x) = —(2n + 1)¢n(x)

In the matrix case Parmeggiani-Wakayama, 2002 consider 2 x 2
differential operators of the form

d? x2 d 1
AA<_W+?>+B(X$+§>7 x € R

where A,B € R2*2 A >0,B=—-B" and A+ /B > 0.
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© NONCOMMUTATIVE HARMONIC OSCILLATORS

It is very well known that the quantum harmonic oscillator can be
studied using Hermite or wave functions 1,(x). These functions are
eigenfunctions of the Schrodinger equation

Uy (x) = x*tn(x) = —(2n + 1)¢n(x)

In the matrix case Parmeggiani-Wakayama, 2002 consider 2 x 2
differential operators of the form

d? x2 d 1
AA<_W+?>+B(X$+§>7 x € R

where A,B € R2*2 A >0,B=—-B" and A+ /B > 0.

Main goal: relate these differential operators with MOP or
switching diffusion models on R, or extend to N x N examples.
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