ABSTRACT

Background

synchronizers

V Vpro- unison

O(V.E / Δ Δ

O(Δ.V^3 namely O(Δ^2 .V^3 O(V).

V, E

V, E

W , Q message, W active W

M_{p,i} p i simply M_i when p

p W M_0 p M_i, i ≥ M_i has p M_{i +1} M_i M_i

skipped. The delay p → q d(p, q) ≥ d p t, q t + d − t + d).

Example p_0 → p_1 → p_2 → p_0 d(p_0 , p_1 ) = d(p_2 , p_0 ) = 1, d(p_1 , p_2 ) = p_0

tick p_0 p_1 p_2 p ∈ N(p, t p M_i W t p, N(p = 0.

Let P = p_1 → p_2 → → p_{n +1} p_i to p_{i +1}, 1 ≤ i ≤ n d_i delay of P, D(P D

D =^Δ_{i =1}Σ^n d_i

rate of P, R(P

R(P) =^Δ D n . , ( ( ) =^Δ_tlim t N(p, t)

where p of p.

Let C = p_0 → p_1 → → p_{n − 1} → p_0 D the C.

p in C t_1 ≥ 0,

N(p, t_1 + D ) − N(p, t_1 ) ≤

Proof

If p M_i t_1 , t_1 + D t, t_1 < t ≤ t_1 + D p M_i.

p = p_0 p_1 M_{i +1} t + d_0 p_2 M_{i +2} t + d_0 + d_1 p M_{i +n} t +_{i =0}Σ^{n − 1}d_i = t + D t, t_1 + D] ⊂ [t, t + D), p can

n messages.

p on C k ≥ 0,

N( p, kD ) ≤ kn.

critical Ĉ R̂ D̂ L̂.

Let p

t sup t N(p, t) ≤ R̂.

Proof p on Ĉ I_k = (kD̂ k + D̂ k ≥ 0.

For t∈ I_k

t N(p, t) ≤ kD̂ N(p, kD̂ ) + L̂ ,

t N(p, t) ≤ kD̂ (k + L̂ .

k lim kD̂ (k + L̂ = D̂ L̂ = R̂.

Therefore,

t sup t N(p, t) ≤ R̂.

p Ĉ q Ĉ q to p p cannot q.

Let t_k(p), k ≥ p sends M_k t_0 M_0 :

t_0 =^Δ_{p∈ V} t_0 (p .

Let C = p_0 → p_1 → → p_{n − 1} → p_0 R(C).

Proof t_0 (p_0 ) = t_0 p_0 C M_0 k ≥ ≤ i ≤ n − 1,

t_k(p_i ) ≤ t_0 +_{j=1}Σ^k d_{i − j} ,

d n. k t_0 0 ≤ i ≤ n − 1, t_0 (p_i ) ≤ t_0.

t_k(p_i ) ≤ t_0 +_{j=1}Σ^k d_{i − j} and t_k(p_{i +1} ) ≤ t_0 +_{j=1}Σ^k d_{i +1− j} .

Then, p_{i +1} receives M_k t_0 +_{j=1}Σ^k d_{i − j} + d_i t_0 +_{j=1}Σ^{k+1}d_{i +1− j} p_{i +1} M_k,

t_k(p_{i +1} ) < t_0 +_{j=1}Σ^{k+1}d_{i +1− j} ,

p_{i +1} sends M_{k+1} k ≥ ≤ i ≤ n − 1,

t_{kn}(p_i ) ≤ t_0 + kD,

N(p_i , t_0 + kD) ≥

For t_0 + kD ≤ t < t_0 + (k + D,

N(p_i , t) ≥ N(p_i , t_0 + kD)

t N(p_i , t) > t_0 + (k + D kn

But

k lim t_0 + (k + D kn = D n ,

hence,

t inf t N(p_i , t) ≥ D n .

D n = R(C).

R̂ R̂ , R̂ lemmas. p, q in k F_k(p,q k from p to q F_k(p,q) F_0 (p,p) = F_k(q F_k(p,q p∈ N.

q in , q sends M_k t_0 + F_k(q t_k(q) ≤ t_0 + F_k(q), or N(q, t_0 + F_k(q ≥ k + Proof k F_0 (q) = 0.

Let P q d(p, q p to q. r, t_k(r) ≤ t_0 + F_k(r τ by Δ p∈ P

t_0 + F_k(p) + d(p, q .

t_0 + F_{k+1} (q).

τ q M_k P before τ q M_k before τ. t_k(q) ≤ t_0 + F_k(q t_0 + F_k(q) < t_0 + F_{k+1} (q), t_0 + F_{k+1} (q), q M_{k+1} t_{k+1} (q) ≤ t_0 + F_{k+1} (q).

P = p_0 → p_1 → → p_{n − 1} → p_0

R(P) ≥ R̂.

Proof

If P R̂ P P j ≤ n − that p_j = p_i, i < j C_1 = p_i → p_{i +1} → → p_j P C_1 C_k remains.

Thus, P k cycles C_1 C_k L(C_i ≤ i ≤ k C_i.

decomposition C_i

D(C_i ) ≤ R̂ L(C_i ) .

P P is

R(P) ≥ i =1Σ k R̂ L(C_i ) i =1Σ k L(C_i ) ,

or R(P) ≥ R̂.

Δ .

p k, N(p, t_0 + kD̂ V) ≥ kL̂ + V + 1.

p kL̂ + V + t_0 + kD̂ V . Proof F_{kL}^_{+V}(p) ≤ kD̂ V P of length kL̂ + V p kD̂ V. P into C_1 C_j P′, P L(P) = L(P′) + i =1Σ j L(C_i

D(P) = D(P′) + i =1Σ j D(C_i ) .

R̂ D(P) ≤ D(P′) + R̂ 1 i =1Σ j L(C_i )

L(P′) + kD̂ + R̂ V − L(P′)

L(P′) + kD̂ + L̂ D̂ ( V − L(P′

L(P′) + kD̂ (V − L(P′

= kD̂ V,

( ) = R̂.

Proof

p k,

N(p, t_0 + kD̂ V) ≥ kL̂ + V + 1.

For t_0 + kD̂ V ≤ t < t_0 + (k + D̂ V,

N(p, t) ≥ N(p, t_0 + kD̂ V and

t N(p, t) > t_0 + (k + D̂ V kL̂ + V + 1

But

k lim t_0 + (k + D̂ V kL̂ + V + 1 = D̂ L̂ = R̂.

Therefore,

t inf t N(p, t) ≥ R̂.

t lim t N(p, t) R̂.

/ Δ.

O(V.E Â (= 1^

Â = 1 (

Let q

Â =_{p∈ V}max_{0 ≤ k<V}min V − k F_V(p, q) − F_k(p, q) . (1)

Proof

Â = 0.

p to q V π(p, q FV(p, q) (p, q

π(p, q) =_{0 ≤ k ≤ V− 1} F_k(p, q .

Thus, 0 ≤ k ≤ V− 1 F_V(p, q) − F_k(p, q = F_V(p, q) −_{0 ≤ k ≤ V− 1} F_k(p, q

= F_V(p, q) (p, q) ≤ and

0 ≤ k ≤ V− 1 min V − k F_V(p, q) − F_k(p, q) ≤ 0. (2)

F_V(p, q) (p, q). If F_V(p, q) (p, q ≤ k ≤ V− 1, F_V(p, q) ≥ F_k(p, q fore

0 ≤ k ≤ V− 1 min V − k F_V(p, q) − F_k(p, q) ≥

F_V(p, q) (p, q ≤ k ≤ V− F_V(p, q) < F_k(p, q k

V − k F_V(p, q) − F_k(p, q) <

p

F_V(p, q) (p, q).

Let Ĉ w Ĉ P(w, q π(w, q) from w to q P(w, q Ĉ w to q q Ĉ Vwill w′ F_V(w′, q) (w′, q p = w′completes

Â ≠ 0. d(e c Â is c F_V(p, q) − F_k(p, q / (V − k c

p∈ V

max_{0 ≤ k ≤ V− 1} min V − k F_V(p, q) − F_k(p, q)

c function d Â Â =

F_k(p, q

F_k(p, q) =_{p→ s ∈ E} d(p,s) + F_{k− 1} (s, q k = V F_0 (q, q) = F_0 (r, q) , r ≠

O(V.E F_k(p, q

Â =_{p∈ V}max_{0 ≤ k<V}min V − k F_V(p,q) − F_k(p,q)

in O(V^2 V ≤ E O(V.E).*

________________________

v and k n from s to v n − k occurring s q V^(n

Let p P length V F_V(p, q P is critical. Â = F_V(p, q) (p, q P

π(p, q).

Â ≠ Â Â P F_V(p, q) − F_k(p, q / (V − k P

p of is − periodic t_1 t ≥ t_1 p sends M_i at t p M_{i +k} at t + s t_1 are −

is -periodic at t_1. is = R̂.

k s = ^ is k-periodic. p and n ≥

τ_n (p) =^Δ_{q→ p ∈ E} t_n (q) + F_1 (q,p

p M_{n +1} t_{n +1} (p)_n (p p M_n M_{n +1} p p M_0 M_0 M_0 τ_0 (p p M_1 M_n

For n ≥ 0, τ_n (p) + 1 ≥ t_{n +1} (p_n (p Proof

Let n τ_n (p) + 1 < t_{n +1} (p). τ_n (p) + 1 p τ_n (p) + 1 ≤ t_n (p

Assume n > τ_{n − 1} (p) + 1_n (p τ_{n − 1} (p) + 2 ≤ t_n (p n

If n = τ_0 (p) + 1 ≤ t_0 (p M_0 W M_0 p τ_0 W p τ_0 (p) − p sends W τ_0 (p) − M_0 by τ_0 (p

τ_n (p) ≥ t_n (p

M_n and M_{n +1}

For n ≥ t_n (p)_n (p ≤ i ≤ n, t_{n − i} (p)_{n − i} (p) = t_n (p) − i. Proof i i = 0 ≤ i < n i + τ_{n − i − 1} (p)_{n − i} (p) − t_{n − i} (p)_{n − i − 1} (p) + 1_{n − i} (p t_{n − i} (p)_{n − i} (p) = t_n (p) − i τ_{n − i − 1} (p) = t_n (p) − i − 1. t_{n − i − 1} (p)_{n − i − 1} (p t_{n − i − 1} (p)_{n − i − 1} (p p sent M_{n − i − 1} before τ_{n − i − 1} (p τ_{n − i − 1} (p M_{n − i} t_{n − i} (p)_{n − i − 1} (p)_{n − i} (p

p∈ V, n ≥ V , k ≥ 1,

t_{n + k}(p) =_{q∈ V} t_n (q) + F_k(q, p .

Proof k = 1. p∈ V n ≥ V t_{n +1} (p) ≠_{q∈ V} t_n (q) + F_1 (q, p_n (p).

t_{n +1} (p)_n (p) + t_n (p)_n (p p τ_n (p) − i ≤ i ≤ n q, t_i (q)_i (p) = t_i (p). p to r is l ( ≤ V − 1 ≤ n − t_l (r) ≥ t_l (p l p to s is l + p to s is r → s t_{l +1} (s) ≥ t_l (r) + t_{l +1} (s) ≥ t_l (p) + n + p t_{l +1} (p) = t_l (p) + 1.

q of p l p to q t_l (q) ≥ t_l (p l ≤ n − t_l (q) < t_l (p k = 1. k k + t_{n +k+1} (p) =_{q ∈ V} t_{n +k}(q) + F_1 (q, p .

t_{n +k}(q) =_{r ∈ V} t_n (r) + F_k(r, q . F t_{n +k+1} (p) =_{r ∈ V} t_n (r) + F_{k+1} (r, p .

If C = p_0 → p_1 → → p_{V− 1} → p_0 p_0 satisfies t_0 (p_0 ) = t_0 is V t_0 + D. Proof For n ≥ V ≤ i ≤ V − t_{n +V}(p_i ) =_{q∈ V} t_n (q) + F_V(q, p_i

= t_n (p_i ) +

p_i is V − t_V(p_i t_V(p_i ) ≤ t_0 + D

t_k(p_i ) ≤ t_0 +

j=1Σ^{k d}i − j^.

Letting k = V

t_V(p_i ) ≤ t_0 +

j=1Σ^{V d}i − j^{= t}0^+

Let (V′, E′ ′ S

. Proof

Let C = p_0 → p_1 → → p_{n − 1} → p_0 S edge p_i → p_{i +1} Π_i S p_i → p_{i +1} into Â.

Â C Â Π_i ≤ i ≤ n − Â Â diction.

Let S l p ∈ S is eventually l − l ≤ gl gl gcd S. V′ V. G_k V′ V.

S l, l ≤ gl p ∈ Sis l − periodic. Proof

Assume p Ĉ L̂ D̂

n_0 ≥ n ≥ n_0,

t_{n +L}^ (p) = t_n (p) + D̂. k ≥ 0

N(p, t_0 + kD̂ V) ≥ kL̂ + V + 1. (5)

N(p, t_0 V) = m t_1 > 0

N(p, t_1 + D̂ ) − N(p, t_1 ) ≤ L̂.

( t_0 + kD̂ V, t_0 + (k + D̂ V

p L̂ k t_0 V, c p L̂

N(p, t_0 + kD̂ V) ≤ m + (k − c)L̂ + c(L̂ − = m + kL̂ − m + kL̂ − c ≥ kL̂ + V + c ≤ m − V − k_0 k ≥ k_0 then

N(p, t_0 + (k + D̂ V) − N(p, t_0 + kD̂ V) = L̂.

n_0 n ≥ n_0, t_{n +L}^ (p) = t_n (p) + D̂ p is L̂ ^- n_0 Ĉ in p in Ĉ n ≥ n_0, t_{n +L}^ (p) = t_n (p) + D̂. p → q ′ n ≥ n_0, t_{n +1} (q) = t_n (p) + d(p, q);

M_n ′ p is − q S . Let l S are p ∈ S L̂ D̂ p is L̂ ^ l divides L̂ fore l divides gl d and gd

gl = p ∈ S ^-periodic).

Δ Â = 1 ^ δ shift e d _ (e) =^Δ d(e) − Â Δ Â δ _ Â D(.

F_k(.,. t_k(p), k ≥ V , t _ k(p t _ k(p) =^Δ_{q∈ V} t_V(q) + F_k(q,p .

t _ k(p) = t_{V+k}(p) − k.Â.

P from q to p T _ (P) =^Δ t_V(q) + D(P) .

Since Â Let a and b Â = b a .

b ≤ V. f > f

If f f ≥ V 1 . Proof

Let C L D f

D < L.Â = L. b a . Thus, D L b a

and − f = D =^Δ D − L.Â L b a L b a − 1 .

Therefore,

f ≥ L. b a L b a 1 > 0.

f ≥ b 1 ≥ V 1 .

Let T

T =^Δ_{p,q∈ V}max t_V(p) − t_V(q) .

T ≤ V.( . Proof

Let x M_0 at t_0 r x to r l (≤ V − t_l (r) ≥ t_0 + l l t_k(r) ≥ t_0 + k k ≥ l t_V(r) ≥ t_0 + V. r, t_V(r) ≤ t_0 + F_V(r p and q V − FV(q) ≤ tV(p) − tV(q) ≤ FV(p) − V or, tV(p) − tV(q) ≤ FV(p FV(q − V. F_V(p F_V(q .V

S_i ≤ i ≤ c gl_i the gcd S_i Δ lcm( gl_1 , gl_2 gl_c where lcm λ

l_0

l_0 =^Δ V − 1 f V ( V − + T + V − 1 if f if f

Let s s

D_r =^Δ t _ k(s k ≡ r λ k > l_0

P_r P_r w ∈ V s, L(P_r ) > l_0, L(P_r ) ≡ r λ

D_r = t_V(w) + F_{L(P r )} (w, s) = T _ (P_r ).

D_r k (> l_0 and ≡ r λ length k s

Δ(V −

P_r of P_r P_r by L_r.

P_r L_r ≤ V − 1.

L_r ≤ l_0 .

Proof

f P_r

most − f

D_r ≤_{q∈ V} t_V(q (V − + V L_r − (V − . (− f

P′_r to s l_0 r modulo λ , Ĉ in Ĉ to s Ĉ Ĉ r modulo λ

D(P′_r ) _ (V − .

Also,

D_r ≥ D(P′_r ) +_{q∈ V} t_V(q and

q∈ V t_V(q (V − + V L_r − (V − . (− f) _ (V − +_{q∈ V} t_V(q .

Since_{q∈ V} t_V(q −_{q∈ V} t_V(q = T

L_r ≤ f V (Δ _ V − + T + V − 1

Let L_1 ≤ L_2 ≤ ≤ L_c g =^Δ gcd(L_1 , L_2 L_c a (1) g divides a (2) a ≥ (L_1 − g L_c − g),

i =1Σ c x_i L_i = a

G(V, E , (SED G H(V′, E′ (1) V V.

u →^{e′} v in E′ u →^e v in E G H.

(3) H H H

If G(V, E G SED, H(V, E′ that E′ < V^2. Proof T G T e ∈ T C in G e C into E′ E′ H SED E′ < V^2. P_r.

Let n_0 =^Δ l_0 + 2V^2 n ≥ n_0 P s that L(P) = n and T _ (P) = D_r r ≡ n λ ).

Proof

Let P_r L_r

P_r P_r S_1 , S_2 S_m, m ≥ P_r.

S_i ≤ i ≤ m a SED E_i Ei < Si^2 SED G′(V′, E′ P_r l_0 all SED S_i , E_i ≤ i ≤ m

i =1Σ m Ei <_{i =1}Σ m Si^2 ≤ i^{=1}Σ m Si 2 ≤ V^2 .

Thus, G′(V′, E′ l_0 + V^2 G′ P′ w s T _ T _ (P′) = t_V(w) + F_{L(P′)} (w, s).

D_r P_r Assume

L( P′) ≡ r′ λ ).

Thus,

L(P_r ) − L(P′) ≡ r − r′ λ ).

Let L_1 ≤ L_2 ≤ ≤ L_c

S_1 , S_2 S_m L(P′ L(P_r ) = L(P′) +_{i =1}Σ^c x_i L_i

where x_1 , x_2 x_c P′ P_r

Let M =^Δ n − L(P′ n ≥ l_0 + 2V^2 L(P′) < l_0 + V^2 M > V^2. Let g = gcd(L_1 , L_2 L_c M > (L_1 − g L_c − g) .

Also, M ≡ r − r L(P_r ) − L(P′ λ ) .

Since g λ , M ≡ L(P_r ) − L(P′ g) .

g (L(P_r ) − L(P′ g

i =1Σ c x_i L_i = M (7)

P P′ x_i L(P) = L(P′) + M = n , P′ T _ (P) = D_r .

O( ΔV^3 λ .

s is V + l_0 + 2V^2 ( = O( ΔV^3 sages.

Proof n ≥ n_0, t _ n (s) = t _ n (s D_r.

t_{V+n} (s) − (n )Â = t_{V+n} (s) − nÂ and t_{V+n} (s) = t_{V+n} (s) Â. (8)

Therefore, s is V + l_0 + 2V^2 messages.

t_0 .V.

is λ t_0 .(V + l_0 + 2V^2 = O( Δ^2V^3

λ λ . M_0

If t_0 (p) = p t_{n +1} (p)_n (p p and n ≥ 0. Proof:

Let p n t_{n +1} (p)_n (p) + t_n (p)_n (p t_0 (p)_0 (p t_0 (p) = 0.

If t_0 (p) = p p, n ≥ k ≥ 1, t_{n + k}(p) =_{q∈ V} t_n (q) + F_k(q, p .

t_0 (p) = p n ≥ V. Proof: k =

n = t_k(p) =_{q∈ V} F_k(q,p .

m ≥ G_m s and i C_j, j = i i m L(C_j ) = p_j p_j j v_j C_j s v_j − p_i s C_j v_j p_j − delay − 1.

s

v_1 v_2 v_3

− 5 0 − 5 0 − 5 0

− 1 1 − 1 − 1 2 − 1

− 1 − 1 − 1

4

G_5

Let n_m G_m n_m = 1 +

j=1Σ^{i p}j^{< m2 .}

C_j t_0 (v) = vertices vin G_m n ≥ 1, t _ n (p) =_{q∈ V} F_n (q, p

λ λ ′^λ ′^{divides λ} s s − p_i n ≡ λ ), n ≥ n_0 (n_0 t _ n (s) =

s n v_j n −_j times around C_j s λ ′ t _ n ′(s) = t _ n (s).

t _ n ′(s) > ≤ k ≤ i p_k λ ′ length n ′ C_k v_k s λ . If p p≤m Π p,

2^4 m

n_m m^2

of G_m^4

n_m^{1/2} ).

k ≥ H_k H_k cycles Ĉ C s u Ĉ v C s and u s and v Ĉ k C , k + of H_k, n_k k d ≥ s and u s to u − 2d − k 1 u to s − k 1 − 2d − k 1 s to v d − k 1 v to s − k 1 k k − 1

u v.

D(Ĉ) = D(C) k 1 H_k Â = 3d + k 1 Âto Δ d.

s

u

2 6

2 6

2 6

7 6 6 v

2 8

2 8

2 8

7

6 6

6

H_3 with d = Â = 6_3^{1__}

s n = k + ck(k + c ≥ n Ĉ u around Ĉ, c(k + s P_1, − n ≥ n_0 (n_0 Ĉ P_1, t _ n +k(k+ (s) = t _ n (s) since Ĉ P_2 v ck C s P_2

kd − 1 + ck(− k 1 ). kd > c P_2 P_1 t _ k+ck(k+ (s) s k + dk^2 (k + Â = 3d + 1 O( Δn_k^3 n_k = 4kand 4d.

Acknowledgement

References

220.

312.