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Abstract. Let Mod(S) be the mapping class group of a compact connected orientable surface
S, possibly with punctures and boundary components, with negative Euler characteristic. We
prove that for any infinite virtually abelian subgroup H of Mod(S), there is a subgroup H ′

commensurable with H such that the commensurator of H equals the normalizer of H ′. As a
consequence we give, for each n ≥ 2, an upper bound for the geometric dimension of Mod(S)
for the family of abelian subgroups of rank bounded by n. These results generalize work by
Juan-Pineda–Trujillo-Negrete and Nucinkis–Petrosyan for the virtually cyclic case.
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1. Introduction

Given any group G and two subgroups H and K of G, we say that H and K are commensurable
if H ∩K has finite index in both H and K. The commensurator of H in G, which we denote
by NG[H] throughout the paper, is by definition the set of all elements g ∈ G such that H and
gHg−1 are commensurable. It is clear from the definition that the normalizer NG(H) of H in
G is contained in NG[H] and, as shown in [LW12, Example 2.6], this inclusion might be strict.
The commensurator NG[H] only depends on the commensuration class of H, that is, if H ′ is
group commensurable with H, then NG[H] = NG[H ′]. In the literature we can find several
results of the following type:

Given a group G and a subgroup H of G,
(⋆) the commensurator of H in G can be realized as the normalizer in G of a subgroup H ′ in

the same commensuration class of H.
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Among the examples of groups and subgroups exhibiting this phenomenon are the following:
any subgroup of a virtually polycyclic group [CKRW20, Theorem 10], infinite virtually cyclic
subgroups of the mapping class group of an orientable compact surface with negative Euler char-
acteristic [JPTN16, Proposition 4.8] and [NP18, Proposition 5.9], certain abelian subgroups of
Out(Fn) [Gue22], infinite virtually cyclic subgroups of linear groups [DKP15, Lemma 3.2], par-
abolic subgroups and infinite virtually cyclic subgroups not contained in a parabolic subgroup
of relatively hyperbolic groups [LO07, Theorem 2.6].

Let S be a connected compact surface with possibly finitely many punctures. The mapping
class group of S is the group Mod(S) of isotopy classes of (orientation preserving, if S is
orientable) diffeomorphisms of S that restrict to the identity on the boundary ∂S. In this
paper we show that all infinite virtually abelian subgroups of Mod(S) satisfy the aforementioned
phenomenon (⋆), when the surface S is orientable and has negative Euler characteristic. More
precisely, bringing together Theorem 4.10 and Proposition 4.17 we obtain the following theorem.

Theorem 1.1. Let S be a connected compact orientable surface possibly with a finite number
of punctures and with negative Euler characteristic. Let H be a virtually abelian subgroup of
Mod(S) of rank k ≥ 1. Then there is a subgroup H ′ of Mod(S) which is commensurable with
H such that

NMod(S)[H] = NMod(S)[H
′] = NMod(S)(H

′).

Remark 1.2. If S is a closed surface possible with finitely many punctures, the subgroup H ′

can be taken to be of finite index in H in the statement of Theorem 1.1 above; see Theorem 4.10.
Furthermore, for any subgroup Γ of Mod(S), from Lemma 4.16, it follows that the commen-
surator of any infinite virtually abelian subgroup H of Γ can be realized as the normalizer of
a finite index subgroup H ′ of H. Some examples of such subgroups Γ that may be of interest
are:

• The mapping class groups Mod(N), where N is a non-orientable closed surface, possibly
with punctures, with negative Euler characteristic. This group can be realized as a
subgroup of the mapping class group Mod(M) of the orientable double cover M of N ;
see Section 4.4 and Proposition 4.19.

• Any right-angled Artin group (RAAG) Γ, or more generally, any Γ that has a subgroup
of finite index that embeds in a RAAG. From [Bri13, Corollary 5.2] any such Γ embeds in
Mod(S) for some closed orientable surface S of sufficiently large genus; see also [CW07,
Corollary 3].

• The braid group Bn(S) of a connected closed surface S with negative Euler character-
istic. There exists a monomorphism ψ : Bn(S) → Mod(S, n), where Mod(S, n) denotes
the mapping class group of the closed surface S with n punctures; see for example,
[GJP15, Section 2.4].

Remark 1.3. From Proposition 4.2, Theorem 4.10 and Proposition 4.15, it follows that any
central extension Γ of a subgroup of Mod(S) by a finitely generated free abelian group satisfies
that condition (⋆) holds for every finitely generated free abelian subgroup of Γ. This allows us
to promote Theorem 4.10 from closed surfaces to Proposition 4.17 for surfaces with non-empty
boundary using the capping homomorphism (see Section 4.3).

As a consequence of the previous paragraph and Remark 1.2, for fixed n ≥ 3, Artin groups
of finite type An and Bn = Cn are a central extension of a finite index subgroup of the mapping
class group Mod(S2, n+ 2) of the (n+ 2)-punctured sphere S2 by an infinite cyclic group and
the Artin groups of affine type C̃n−1 and Ãn−1 can be realized as a finite index subgroup of
Mod(S2, n + 2) (see for example [CC05, Section2] and references therein). Hence, free abelian
subgroups of such groups satisfy (⋆).

One of the fundamental ingredients in the proof of Theorem 1.1 is the reduction system theory
developed by Ivanov in [Iva92, Chapter 7] for reducible subgroups of Mod(S). The proof of
the rank k = 1 case uses the canonical reduction systems of reducible elements of Mod(S). It



COMMENSURATORS OF MAPPING CLASS GROUPS 3

is due to the work of Juan-Pineda–Trujillo-Negrete in [JPTN16], and Nucinkis–Petrosyan in
[NP18]; see Section 4 for further references. Although, we follow a very similar strategy and
we adopt their notation, we had to overcome some difficulties that arise when we consider a
virtually abelian subgroup of rank k ≥ 2.

The proof of Theorem 1.1 relies on the fact that Mod(S) satisfies Condition C. This notion
was originally introduced by Lück for infinite cyclic subgroups in [Lüc09], and was generalized
for abelian subgroups by Prytu la in [Pry21, Definition 2.8.], see Definition 4.7. For a subgroup
H of a group G, this condition roughly says that any finitely generated subgroup of NG[H]
normalizes a group commensurable with H; hence provided that NG[H] is finitely generated
we can conclude that it is actually the normalizer of a group commensurable with H. For the
mapping class group Mod(S), Condition C holds as a direct consequence of [LM07, Theorem
1.1.] and [CKRW20, Corollary 9]; see section Section 4.2. We obtain Theorem 4.10 by show-
ing that the commensurator NMod(S)[H] of any abelian subroup of H is finitely generated in
Corollary 4.6.

The main technical step towards the proof of Corollary 4.6, and Theorem 1.1, is to de-
scribe the structure of both NMod(S)(H) and NMod(S)[H] as a central extension of a free abelian

subgroup by a group that has finite index in a group of the form Mod(Ŝ)×A, where Ŝ is a non-
connected compact surface and A is a virtually abelian group. This is done in Proposition 4.4,
and it is a generalization of [JPTN16, Proposition 4.12] and [NP18, Proposition 5.6]. It is worth
mentioning that the proof of [JPTN16, Proposition 4.12] uses the fact that the centralizer of
an infinite cyclic subgroup has finite index in the normalizer of the same group, which is an
easy observation. On the other hand, when H is a free abelian subgroup of rank at least 2 of a
group G, it is not necessarily true that the centralizer CG(H) has finite index in NG(H). This
is one of the technical difficulties that we sorted out in the proof of Proposition 4.4. In fact, as
a consequence of Proposition 4.4 we obtained that, when G = Mod(S) for S a closed orientable
surface, the centralizer of certain free abelian subgroups have finite index in the corresponding
normalizer (see Corollary 4.5).

The strategy that we follow only works for abelian subgroups of Mod(S). It would be
interesting to know the answer to the following question asked by Alan Reid:

Question 1.4. Is there an infinite non-abelian subgroup H of Mod(S) such that the com-
mensurator of H is not realized as the normalizer of a group H ′ that is commensurable with
H?

As an application of Theorem 1.1 and the short exact sequences given in Proposition 4.4,
we compute an upper bound for the geometric dimension of Mod(S) for the family of abelian
subgroups of rank bounded by n, for each n ≥ 2. To state this result in full detail we introduce
first some definitions and notation.

Fix a group G and a family F of subgroups of G, i.e. a non-empty collection F of subgroups
of G that is closed under conjugation and under taking subgroups. We say that a G-CW-
complex X is a model for the classifying space EFG if every isotropy group of X belongs to the
family F and the fixed point set XH is contractible whenever H belongs to F . It can be shown
that a model for the classifying space EFG always exists and it is unique up to G-homotopy
equivalence. The F-geometric dimension of G is by definition

gdF(G) = min{k ∈ N| there is a model for EFG of dimension k}.

Let n ≥ 0 be an integer. A group is said to be virtually Zn if it contains a subgroup of finite
index isomorphic to Zn. Define the family

Fn = {H ≤ G|H is virtually Zr for some 0 ≤ r ≤ n}.

The families F0 and F1 are the families of finite and virtually cyclic subgroups, respectively,
and are relevant due to their connection with the Farrell-Jones and Baum-Connes isomorphism
conjectures, see for instance [LR05]. In [BB19] Bartels–Bestvina proved that the mapping class
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group of an orientable surface of finite type satisfies the Farrell-Jones conjecture. The fami-
lies Fn have been recently studied by several people, for instance there are computations for
CAT(0)-groups [Pry21, HP20], for free abelian groups [CCMNP17], for fundamental groups of

closed and orientable 3-manifolds [LASSn22], and recently, the second named author [LÁ23]
computed the virtually abelian dimension of braid groups, RAAG’s, and virtually finitely gen-
erated free abelian groups. In this paper we contribute to the existing literature by obtaining
an upper bound for the Fn-geometric dimension of Mod(S) for each n ≥ 2.

Theorem 1.5. Let S be a connected compact orientable surface possibly with a finite number
of punctures. Assume that S has negative Euler characteristic. Then for all n ∈ N we have

gdFn
(Mod(S)) ≤ vcd(Mod(S)) + n.

The cases n = 0, 1 are the induction basis for the proof of Theorem 1.5. The equality is known
to hold in the case n = 0 by work of Harer [Har86] and Aramayona–Mart́ınez-Pérez [AMP14].
The upper bound for the case n = 1 was obtained by Nucinkis–Petrosyan [NP18], where the
equality was proved for closed orientable surfaces. The virtual cohomological dimension of the
mapping class group of an orientable surface was computed by Harer in [Har86].

For S a closed orientable surface of genus g and with b ≥ 0 punctures, by [BLM83, Theorem A]
every free abelian subgroup of Mod(S) is finitely generated and has rank at most r = 3g−3+b.
Then for all n ≥ r we have that Fn = Fr and gdFn

(Mod(S)) = gdFr
(Mod(S)). It follows from

Theorem 1.5 that

gdFn
(Mod(S)) ≤ vcd(Mod(S)) + r for all n ≥ r.

It is fair to ask whether the upper bound from Theorem 1.5 is sharp. This is indeed the case
for n = 0, 1 as pointed out before. It is worth saying that the proof of Nucinkis–Petrosyan for
the lower bound for the case n = 1 cannot be carried out for n ≥ 2. We state the following
question for future reference.

Question 1.6. Let S be a closed orientable surface of genus g with b ≥ 0 punctures and with
negative Euler characteristic. For 2 ≤ n ≤ 3g − 3 + b, is it true that

gdFn
(Mod(S)) = vcd(Mod(S)) + n?

On the other hand, consider a connected closed non-orientable surface N , possibly with
punctures, with negative Euler characteristic. The group Mod(N) can be realized as a subgroup
of the mapping class group of M , the orientable double cover of N ; see Section 4.4. From this
and [BLM83, Theorem A] it follows that any abelian subgroup of Mod(N) is finitely generated
and Kuno computed their maximal rank in [Kun19]. Since geometric dimensions are monotone
it follows from Theorem 1.5 that

gdFn∩Mod(N)(Mod(N)) ≤ vcd(Mod(M)) + n for all n ∈ N.

Outline of the paper. In Section 2 preliminaries and notation about mapping class groups
are recalled. In particular, the definition of the cutting homomorphism associated to a collection
of disjoint simple curves and the main properties of canonical reduction systems for reducible
subgroups of Mod(S) following [Iva92]. Section 3 is devoted to introduce a particular case of
the Lück–Weiermann construction to promote a classifying space of a group G with respect to
the family Fn to a classifying space for the family Fn+1; this constructions allow us to perform
an induction argument in the proof of Theorem 1.5. Section 4 is the longest and most technical
section, and it deals with the structure of commensurators, normalizers and centralizers of
abelian subgroups of Mod(S) which are used to obtain Theorem 1.1. Finally, in Section 5 we
prove Theorem 1.5 using the results from Section 4.
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2. Preliminaries on mapping class groups

In this section we recall some background on mapping class groups that will be needed to
obtain our results. We use the notation from [JPTN16] and [NP18]; for further details we refer
the reader to [Iva92] and [FM12].

Let S be a connected compact oriented surface with finitely many punctures. The mapping
class group of S is the group Mod(S) of isotopy classes of orientation preserving diffeomorphisms
of S that restrict to the identity on the boundary ∂S. If Diff0(S, ∂S) denotes the subgroup of
Diff+(S, ∂S) of orientation preserving diffeomorphisms that are isotopic to the identity then

Mod(S) = Diff+(S, ∂S)/Diff0(S, ∂S).

For m ≥ 2, the level m congruence subgroup Mod(S)[m] of Mod(S) is defined as the kernel
of the natural homomorphism Mod(S) → Aut (H1(S,Z/mZ)) given by the action of diffeomor-
phisms in the homology of the surface. It is a finite index subgroup of Mod(S) and for m ≥ 3
it is torsion free (see Theorem 3 of [Iva92]).

A simple closed curve α in S is essential if it is not homotopic to a point, a puncture or
a boundary component of S. We denote the isotopy class of such α by [α] and by V (S) the
set of isotopy classes of essential curves in S. The complex of curves C(S) is the simplicial
complex with set of vertices V (S) and with a k-simplex given by a set of k+ 1 vertices in V (S)
with mutually disjoint essential curves representatives. The group Mod(S) acts on V (S) by
g[α] = [φ(α)], where φ a diffeomorphism of S that represents g ∈ Mod(S). This action takes
simplexes into simplexes, hence Mod(S) also acts on C(S).

2.1. Reduction systems and the cutting homomorphism. For what follows in Section 2
we assume that the surface S has empty boundary and negative Euler characteristic.

Definition 2.1. A subgroup H of Mod(S) is called reducible if there is a nonempty simplex
σ of C(S) such that hσ = σ for every h ∈ H. Such simplex σ is called a reduction system for
H and the elements of H stabilize the simplex σ set-wise. If no nonempty reduction system
exists, H is said to be irreducible.

The Nielsen-Thurston classification theorem classifies the elements of Mod(S) in reducible,
periodic or pseudo-Anosov (see for example [FM12, Theorem 13.2]). An element f ∈ Mod(S)
is reducible if the group ⟨f⟩ is reducible; otherwise f is irreducible. Among the irreducible
elements, those of finite order are periodic and those of infinite order are pseudo-Anosov.

Let σ = {[α1], . . . , [αn]} be a reduction system for a group H with {α1, . . . , αn} a set of
mutually disjoint essential curves representatives. Consider the surface that results of cutting
S along this reduction system Ŝσ = S \ ∪n

k=1αk = ⊔l
j=1Ŝj, where each Ŝj is a connected

subsurface of Ŝσ. The ‘hat’ notation comes from the fact that Ŝσ can also be described as the
surface resulting from ‘capping’ with once-punctured disks the boundary components of the
surface Sσ = S \Nσ, where Nσ is an open regular neighborhood of ∪n

k=1αk in S; see for instance
[NP18, Section 5].

Let us denote by Ωj the set of punctures in Ŝj coming from the simple closed curves αk that

were ‘cut’ from S. The inclusions Ŝj ↪→ Ŝσ induce a monomorphism

l∏
j=1

Mod(Ŝj,Ωj) ↪→ Mod(Ŝσ),
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where Mod(Ŝj,Ωj) is the group of isotopy classes of orientation-preserving diffeomorphisms of

Ŝj that fix pointwise the punctures in Ωj.
Define the subgroup Mod(S)σ = {g ∈ Mod(S)|g(σ) = σ} of elements in Mod(S) that stabilize

the simplex σ set-wise. Let Mod(S)0σ be its finite index subgroup consisting of elements that fix
each curve αk with orientation. There is a well-defined homomorphism, often called the cutting
homomorphism

(1) ρσ : Mod(S)σ → Mod(Ŝσ)

with ker ρσ = ⟨Tα1 , . . . , Tαn⟩, the free abelian group of rank n generated by the Dehn twists
along the curves α1, . . . , αn. When restricted to the subgroup Mod(S)0σ the image of ρσ surjects

onto
∏l

j=1 Mod(Ŝj,Ωj). Let φi :
∏l

j=1 Mod(Ŝj,Ωj) → Mod(Ŝi,Ωi) denote the projection onto
the ith-factor.

Remark 2.2. If m ≥ 3 and H is a subgroup of Mod(S)[m], then H ⊂ Mod(S)0σ by [Iva92,

Theorem 1.2] and the group φi ◦ ρσ(H) is a subgroup of Mod(Ŝi,Ωi) (see also [Iva92, Section
7.5]).

Remark 2.3. [Pre-images of the cutting homomorphism] Let f ∈
∏l

j=1 Mod(Ŝj,Ωj) ⊂ Mod(Ŝσ).

Take a representative diffeomorphism F : Ŝσ → Ŝσ of f such that, for every 1 ≤ j ≤ l, it restricts
to a diffeomorphism F |Ŝj

: Ŝj → Ŝj that is the identity in (disjoint) tubular neighborhoods Ux

of each puncture x in Ωj. Let Sj = Ŝj − ⊔x∈Ωj
Ux and consider it as a subsurface of S. Define

the diffeomorphism f̃j : S → S by extending F |Sj
with the identity in S \ Sj. Then f̃j fixes

each curve αk in the simplex σ, since the support of f̃j is contained in Sj; see figure 1. Let

f̃ : S → S be the diffeomorphism given by the composition f̃1f̃2 · · · · · · f̃l of diffeomorphisms of
S with disjoint support. Therefore f̃ represents an element of Mod(S)0σ with image f under
the cutting homomorphism ρσ.

Figure 1. Given the simplex σ = {α1, α2, . . . αn} of C(S), any mapping class f in∏l
j=1 Mod(Ŝj ,Ωj) has a pre-image of the cutting ρσ in Mod(S)0σ, represented by a

diffeomorphims f̃ : S → S given by the composition f̃1f̃2 . . . f̃l of diffeomorphisms of S
with disjoint support.

2.2. Canonical reduction systems and free abelian subgroups. Let m ≥ 3 and H be
a subgroup of Mod(S)[m]. We denote by σ(H) the canonical reduction system for H as the
simplex in C(S) defined by Ivanov in [Iva92]. Recall that the group Mod(S) acts simplicially
on the curve complex C(S). We state here the properties that will be needed for our arguments
in the next sections, the precise definitions are stated in [Iva92, Section 7.2 and 7.4].

Lemma 2.4. [Iva92, Chapter 7] Let m ≥ 3 and consider H a subgroup of Mod(S)[m]. The
simplex σ(H) is a reduction system (possibly empty) for H and satisfies the following properties:

(i) If H ′ is a finite index normal subgroup of H, then σ(H ′) = σ(H).
(ii) For g ∈ Mod(S), we have that gσ(H) = σ(gHg−1).

(iii) If H is nontrivial and reducible (in the sense of Definition 2.1), then σ(H) ̸= ϕ.
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Remark 2.5. For a reducible element f ∈ Mod(S)[m], the simplex σ(f) = σ(⟨f⟩) is called a
canonical reduction system for f and it precisely the set of essential reduction classes in the
sense of [BLM83] (see also [FM12, Section 13.2]).

Let m ≥ 3 and let H be a free abelian subgroup of Mod(S)[m] of rank at least 2. By
[Iva92, Corollary 8.6] any abelian subgroup of Mod(S) which is irreducible (in the sense of
Definition 2.1) is virtually cyclic. Therefore H must be reducible and σ(H) ̸= ϕ by Lemma
2.4(iii).

The following result follows from [Iva92, Lemma 8.7, Corollary 8.5]. It gives us a tool
analogous to the canonical form for a reducible mapping class (see for example [FM12, Corollary
13.3]) that will be an important ingredient for our discussion below.

Theorem 2.6. Let m ≥ 3 and let H be a free abelian subgroup of Mod(S)[m] of rank at least
2. Then H is reducible and has a nonempty canonical reduction system σ = σ(H). Moreover,

we can write Ŝσ =
⊔a

i=1 Ŝi

⊔l
j=a+1 Ŝj so that

a) the group φi ◦ ρσ(H) is trivial for all 1 ≤ i ≤ a, and
b) the group φj ◦ ρσ(H) is infinite cyclic generated by a pseudo-Anosov mapping class for

all a+ 1 ≤ j ≤ l.

Remark 2.7. To simplify the exposition, in our proofs below we will apply the results compiled
in this section for the case m = 3 (we could in principle have used any fixed m ≥ 3).

The rank of free abelian subgroups of Mod(S) is bounded above ([BLM83, Theorem A],
[Iva92, Lemma 8.8]).

Theorem 2.8 (Maximal rank for free abelian subgroups). Let H be a abelian subgroup of
Mod(S). Then H is finitely generated and the rank of H is at most 3g − 3 + b, where g is the
genus of the orientable surface S and b is the number punctures of S.

3. Push-out constructions for classifying spaces

In this subsection we describe a particular case, which is convenient for the purposes of the
present paper, of the Lück and Weiermann push-out construction.

Fix n ≥ 1 and G a group. Recall that two subgroups H and K of G are commensurable if
K ∩H has finite index in both K and H. We define an equivalence ∼ relation on Fn − Fn−1

as follows:

H ∼ K ⇐⇒ H is commensurable with K.

It is not hard to see that this equivalence relation satisfies the following two properties:

a) If H,K ∈ Fn −Fn−1 with H ⊆ K, then H ∼ K; this is true because H and K are virtually
abelian of the same rank.

b) If H,K ∈ Fn − Fn−1 and g ∈ G, then H ∼ K if and only if gHg−1 ∼ gKg−1; this follows
directly from the definition of commensurability.

For a subgroup H of G we set the following notation:

• Denote by [H] the commensuration class of H in G.
• NG[H] = {g ∈ G|gHg−1 ∼ H}, this is the so-called commensurator of H in G.
• Fn[H] = {K ⊆ NG[H]|K ∈ Fn−Fn−1, [K] = [H]}∪ (Fn−1∩NG[H]), this set is a family

of subgroups of NG[H].
• Denote by (Fn −Fn−1)/ ∼ the set of equivalence classes with respect to ∼.

Theorem 3.1. [LW12, Theorem 2.3] Let G be a group. Let I be a complete set of repre-
sentatives of conjugation classes in (Fn − Fn−1)/ ∼. Choose arbitrary NG[H]-CW-models for
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EFn−1∩NG[H]NG[H] and EFn[H]NG[H], and an arbitrary model for EFn−1G. Consider the follow-
ing G-push-out ⊔

[H]∈I

G×NG[H] EFn−1∩NG[H]NG[H] EFn−1G

⊔
[H]∈I

G×NG[H] EFn[H]NG[H] X

⊔
[H]∈I

idG ×NG
f[H]

i

such that f[H] is cellular NG[H]-map for every [H] ∈ I and either (1) i is an inclusion of G-
CW-complexes, or (2) such that every map f[H] is an inclusion of NG[H]-CW-complexes for
every [H] ∈ I and i is a cellular G-map. Then X is a model for EFnG.

Remark 3.2. Conditions (1) and (2) at the end of the statements of Theorem 3.1 are required
so that the G-push-out is actually a homotopy G-push-out. It is worth saying that both
conditions can be always achieved using a simple cylinder replacement trick. For instance, if
we want condition (1) to be true, we can replace EFn−1G with the mapping cylinder of i, which
deformation retracts onto the original model for EFn−1G and therefore is again a model for
EFn−1G, and i can be taken to be the natural inclusion. We can do a similar construction if we
want condition (2) to hold.

The following lemma will be also useful.

Lemma 3.3. [DQR11, Lemma 4.4] Let G be a group and F , G be two families of subgroups of
G. Choose arbitrary G-CW -models for EFG, EGG and EF∩GG. Then, the G-CW -complex X
given by the cellular homotopy G-pushout

EF∩GG //

��

EFG

��

EGG // X

is a model for EF∪GG.

4. Commensurators and normalizers of virtually abelian subgroups

This section is devoted to the study of centralizers, normalizers and commensurators of in-
finite virtually abelian subgroups of Mod(S) for a connected compact surface S possibly with
a finite number of punctures and boundary components. The most technical result is Propo-
sition 4.4 which describes, by means of a short exact sequence, the structure of centralizers,
normalizers and commensurators of certain abelian subgroups of Mod(S) for an orientable
surface S with empty boundary.

Let G be a group and H a subgroup. We denote NG(H) the normalizer of H in G, and
WG(H) = NG(H)/H the corresponding Weyl group.

The centralizer and normalizer in Mod(S) of a pseudo-Anosov mapping class f ∈ Mod(S)
are well understood.

Lemma 4.1. Let S be an orientable closed surface with finitely many punctures and negative
Euler characteristic. Let f ∈ Mod(S) be a pseudo-Anosov mapping class.

(1) [McC83, Thm. 1] The centralizer CMod(S)(f) of ⟨f⟩ in Mod(S) is a finite extension of
an infinite cyclic group. The normalizer NMod(S)(f) of ⟨f⟩ in Mod(S) is either equal to
CMod(S)(f) or it contains CMod(S)(f) as a normal subgroup of index 2.
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(2) [JPTN16, Prop. 4.8 and Thm. 4.10] The commensurator NMod(S)[⟨f⟩] is a finite exten-
sion of an infinite cyclic group.

It follows from [JPTN16, Proposition 4.8] and [NP18, Proposition 5.9] that the commensu-
rator of any virtually cyclic subgroup of Mod(S) is the normalizer of a (finite index) infinite
cyclic subgroup.

Proposition 4.2. Let S be an orientable compact surface with finitely many punctures and
negative Euler characteristic. Let H be an infinite virtually cyclic subgroup of Mod(S). Then,
there is a finite index cyclic subgroup H ′ of H such that NMod(S)[H] = NMod(S)(H

′).

One of the main goals of this section is to prove Theorem 1.1, the analogous statement for
virtually abelian subgroups of Mod(S) of rank at least 2. This is done in Theorem 4.10 when S
is a closed surface with negative Euler characteristic, in Proposition 4.17 when S has non-empty
boundary and in Proposition 4.19 for the case when S is non-orientable.

4.1. Auxiliary short exact sequences. In this subsection we prove Proposition 4.4, a key
ingredient for the proofs of our Theorem 1.1 and Theorem 1.5. Furthermore, it is also used
to show in Corollary 4.5 that the centralizer of a free abelian group of rank at least 2 in
Mod(S) has finite index in the corresponding normalizer, and in Corollary 4.6 to prove that
the commensurators of such subgroups are finitely generated, for the case when S an orientable
and closed surface.

Remark 4.3. In [JPTN16, Proposition 4.12] Juan-Pineda–Trujillo-Negrete obtained a short
exact sequence analogous to that in Proposition 4.4(a) below, when H is an infinite cyclic
subgroup of Mod(S)[3] generated by a reducible element. Based in this result, Nucinkis–
Petrosyan establish in [NP18, Proposition 5.6] a short exact sequence analogous to that in
Proposition 4.4(b), again in the infinite cyclic case. There is mild enhacement in our general-
izations with respect to previous known results of this type: the groups in the right hand side
of our short exact sequences, denoted by Qi for i = 1, 2, 3, have finite index in the products
Mod(

⊔a
i=1 Ŝi)×Ai. This is a fundamental ingredient in the proof of Theorem 1.5, and it might

be of independent interest.

In the following proposition we are considering the notation established in Theorem 2.6.

Proposition 4.4. Consider a closed surface S (possibly with punctures) such that χ(S) < 0.
Let H be a (free) abelian subgroup of Mod(S)[3] of rank at least 2, and let σ = σ(H) =
{[α1], . . . , [αn]} be its canonical reduction system. Assume the H acts either trivially or via

a pseudo-Anosov mapping class in each connected component Ŝi of Ŝσ. Then the following
statements hold.

(a) There is a central extension

1 → Zn → CMod(S)(H)
ρσ−→ Q1 → 1

where Q1 is a finite index subgroup of Mod(
⊔a

i=1 Ŝi)×A1, A1 is a finitely generated virtually
abelian group, and ρσ(H) ⊆ A1.

(b) There is a central extension

1 → Zn → NMod(S)(H)
ρσ−→ Q2 → 1

where Q2 is a finite index subgroup of Mod(
⊔a

i=1 Ŝi)×A2, A2 is a finitely generated virtually
abelian group, and ρσ(H) ⊆ A2.

(c) There is a central extension

1 → Zn → NMod(S)[H]
ρσ−→ Q3 → 1

where Q3 is a finite index subgroup of Mod(
⊔a

i=1 Ŝi)×A3, A3 is a finitely generated virtually
abelian group, and ρσ(H) ⊆ A3.
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Moreover, Q1 is a finite index subgroup of Q2, and Q2 is a finite index subgroup of Q3.

Proof. We split the proof into several steps for the sake of readability.

Step 1. CMod(S)(H) ⊆ NMod(S)(H) ⊆ NMod(S)[H] ⊆ Mod(S)σ.

The first and the second inclusions are clear. Let g ∈ NMod(S)[H], this means that gHg−1 is
commensurable with H. By Lemma 2.4 (i) we get σ(H) = σ(gHg−1∩H) = σ(gHg−1). On the
other hand, by Lemma 2.4 (ii) we have that σ(gHg−1) = gσ(H). It follows that gσ(H) = σ(H).

Step 2. We have three short exact sequences

(a) 1 → Zn → CMod(S)(H)
ρσ−→ Q1 → 1 where Q1 = ρσ(CMod(S)(H)).

(b) 1 → Zn → NMod(S)(H)
ρσ−→ Q2 → 1 where Q2 = ρσ(NMod(S)(H)).

(c) 1 → Zn → NMod(S)[H]
ρσ−→ Q3 → 1 where Q3 = ρσ(NMod(S)[H]).

Consider the cutting homomorphism ρσ : Mod(S)σ → Mod(Ŝσ) with ker(ρσ) = Zn generated
by the Dehn twists along the curves α1, · · · , αn; see Equation (1). Since each of these Dehn
twists centralize H, it follows that Zn ⊆ CMod(S)(H) ⊆ NMod(S)(H) ⊆ NMod(S)[H]. Now Step 2
follows from Step 1 by restricting ρσ to the centralizer, normalizer and commensurator of H,
respectively.

Step 3. Using Theorem 2.6, we write Ŝσ =
⊔a

i=1 Ŝi

⊔l
j=a+1 Ŝj where φi ◦ ρσ(H) is trivial for

all 1 ≤ i ≤ a and φi ◦ ρσ(H) is infinite cyclic generated by a pseudo-Anosov mapping class for
all a+ 1 ≤ i ≤ l. We now show that

(a) CMod(Ŝσ)
(ρσ(H)) = Mod(

⊔a
i=1 Ŝi) × CMod(

⊔l
j=a+1 Ŝj)

(ρσ(H)).

(b) NMod(Ŝσ)
(ρσ(H)) = Mod(

⊔a
i=1 Ŝi) ×NMod(

⊔l
j=a+1 Ŝj)

(ρσ(H)).

(c) NMod(Ŝσ)
[ρσ(H)] = Mod(

⊔a
i=1 Ŝi) ×NMod(

⊔l
j=a+1 Ŝj)

[ρσ(H)].

Moreover all the second factors are finitely generated virtually abelian groups of rank l − a.

First we show that the following inclusions hold

(2) CMod(Ŝσ)
(ρσ(H)) ⊆ NMod(Ŝσ)

(ρσ(H)) ⊆ NMod(Ŝσ)
[ρσ(H)] ⊆ Mod(

a⊔
i=1

Ŝi) × Mod(
l⊔

j=a+1

Ŝj).

We only prove the third inclusion as the first two inclusions follow from the definitions. Sup-
pose that this is not the case, then there exists g ∈ NMod(Ŝσ)

[ρσ(H)] that sends diffeomorphically

Ŝi (for some 1 ≤ i ≤ a) onto Ŝj (for some a + 1 ≤ j ≤ l). Since gρσ(H)g−1 is commensurable

with ρσ(H) we have that there is a finite index subgroup H ′ of H such that for all x ∈ Ŝi, and
for all h′ ∈ H ′, we have ρσ(h′)g(x) = gρσ(h)(x) = g(x) for some h ∈ H. Therefore ρσ(H ′) acts

as the identity on Ŝj, which is a contradiction since any finite index subgroup of ρσ(H) must

act as a pseudo-Anosov on Ŝj. This finishes the proof of the third inclusion.

Note that, since φi◦ρσ(H) is trivial for all 1 ≤ i ≤ a, we have ρσ(H) ⊆ {1}×Mod(
⊔l

j=a+1 Ŝj).

Hence Mod(
⊔a

i=1 Ŝi) × NMod(
⊔l

j=a+1 Ŝj)
(ρσ(H)) ⊆ NMod(Ŝσ)

(ρσ(H)). On the other hand, let

g ∈ NMod(Ŝσ)
(ρσ(H)), by Equation (2) we can write g = g1g2 with g1 ∈ Mod(

⊔a
i=1 Ŝi) and

g2 ∈ Mod(
⊔l

j=a+1 Ŝj). Since g1 centralizes ρσ(H), we conclude that ρσ(H) = gρσ(H)g−1 =

g2ρσ(H)g−1
2 , and therefore g2 ∈ NMod(

⊔l
j=a+1 Ŝj)

(ρσ(H)). A similar analysis can be carried out

for commensurators and centralizers instead of normalizers. From these claims we get the
equalities in items (a), (b), and (c).

Next we prove that NMod(
⊔l

j=a+1 Ŝj)
[ρσ(H)] is a finitely generated virtually abelian group.

Let Mod(
⊔l

j=a+1 Ŝj)
0 ∼=

∏l
j=a+1 Mod(Ŝj,Ωj) be the finite index subgroup of Mod(

⊔l
j=a+1 Ŝj)

that fixes each subsurface Ŝj and fixes pointwise the punctures Ωj for a + 1 ≤ j ≤ l. Since
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NMod(
⊔l

j=a+1 Ŝj)0
[ρσ(H)] has finite index in NMod(

⊔l
j=a+1 Ŝj)

[ρσ(H)], it is enough to show that

the former is virtually abelian. Let φk : Mod(
⊔l

j=a+1 Ŝj)
0 → Mod(Ŝk,Ωk) be the canonical

projections for a+ 1 ≤ k ≤ l. The homomorphism φk induces a homomorphism

NMod(
⊔l

j=a+1 Ŝj)0
[ρσ(H)] → NMod(Ŝk,Ωk)

[φk(ρσ(H))].

Recall that the group φk(ρσ(H)) is infinite cyclic generated by a pseudo-Anosov mapping class

of Ŝk, for each a + 1 ≤ k ≤ l. Therefore the group Vk := NMod(Ŝk,Ωk)
[φk(ρσ(H))] is virtually

cyclic by Lemma 4.1(2). Assembling the φk’s we get the following homomorphism

φ : NMod(
⊔l

j=a+1 Ŝj)0
[ρσ(H)] →

l∏
j=a+1

Vj.

Note that an element in the kernel of φ is represented by a homeomorphism of
⊔l

j=a+1 Ŝj

that restricts to the identity on each Ŝj, thus such an elment must be trivial. We conclude

that φ is injective. Since
∏l

j=a+1 Vj is virtually abelian of rank l − a, then the commensurator

NMod(
⊔l

j=a+1 Ŝj)0
[ρσ(H)] is virtually abelian of rank at most l − a.

Given that

CMod(
⊔l

j=a+1 Ŝj)
(ρσ(H)) ⊆ NMod(

⊔l
j=a+1 Ŝj)

(ρσ(H)) ⊆ NMod(
⊔l

j=a+1 Ŝj)
[ρσ(H)],

we conclude that the three groups above are finitely generated virtually abelian of rank at most
l−a. We finish the proof of this step by showing that they contain a finitely generated virtually
abelian subgroup of rank exactly l − a

The group
∏l

j=a+1CMod(Ŝj ,Ωj)
(φj ◦ ρσ(H)) is virtually abelian of rank l − a. Indeed, the

group φj ◦ ρσ(H) is infinite cyclic generated by a pseudo-Anosov mapping class for all a ≤
j ≤ l. It follows from Lemma 4.1(1) that CMod(Sj ,Ωj)(φj ◦ ρσ(H)) is an infinite virtually cyclic

group. Finally, notice that there is a natural monomorphism
∏l

j=a+1CMod(Ŝj ,Ωj)
(φj ◦ρσ(H)) ↪→

CMod(
⊔l

j=a+1 Ŝj)0
(ρσ(H)), and the latter is a subgroup of CMod(

⊔l
j=a+1 Ŝj)

(ρσ(H)).

Step 4. The groups Q1, Q2, and Q3 have finite index in CMod(Ŝσ)
(ρσ(H)), NMod(Ŝσ)

(ρσ(H)),

and NMod(Ŝσ)
[ρσ(H)] respectively.

We only prove the second statement for Q2 := ρσ(NMod(S)(H)) ⊆ NMod(Ŝσ)
(ρσ(H)) as the

proofs of the other two are analogous.
First we show that

(3) Mod(
a⊔

i=1

Ŝi)
0 × CMod(

⊔l
j=a+1 Ŝj)0

(ρσ(H)) ⊆ Q2.

Let f be a mapping class in the left hand side of Eq. (3). Following Remark 2.3 we can

construct a diffeomorphism f̃ : S → S representing an element of Mod(S)0σ with image f

under the the cutting homomorphism ρσ. Such f̃ can be taken as the composite f̃1f̃2 · · · · · · f̃l
of diffeomorphisms of S with disjoint support. We will show that f̃ represents an element of
NMod(S)(H).

Consider h ∈ H. Since H ⊆ Mod(S)0σ, we can apply Remark 2.3 to the mapping class ρσ(h)

and construct a representative of the mapping class h given by a composition h̃1h̃2 · · · h̃l of
diffeomorphims of S where each h̃j has support in Sj (considered as a subsurface of S). For

1 ≤ i ≤ a, we have that ρσ(h) acts trivially on Ŝi, therefore we can take h̃i = idS. Moreover,

notice that each f̃j commutes with the corresponding h̃j for a+1 ≤ j ≤ l, since f̃ is the lift of an

element f in Mod(
⊔a

i=1 Ŝi)
0 ×CMod(

⊔l
j=a+1 Ŝj)0

(ρσ(H)), which is a subgroup of CMod(Ŝσ)
(ρσ(H))
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by Step 3 above. Hence the following equalities hold

f̃(h̃1 · · · h̃l)f̃−1 = f̃1h̃1f̃1
−1 · · · f̃ah̃af̃a

−1
f̃a+1h̃j f̃

−1
a+1 · · · f̃lh̃j f̃−1

l

= idS · · · idSh̃a+1 · · · h̃l
= h̃1 · · · h̃l.

Therefore the isotopy class of f̃ centralizes any h ∈ H, then it represents an element in
CMod(S)(H) ⊆ NMod(S)(H) and f ∈ ρσ(NMod(S)(H)) as desired in Eq. (3).

From Step 3 and Eq. (3) we have the following inclusions

Mod(
a⊔

i=1

Ŝi)
0 × CMod(

⊔l
j=a+1 Ŝj)0

(ρσ(H)) ⊂ Q2 ⊂ Mod(
a⊔

i=1

Ŝi) ×NMod(
⊔l

j=a+1 Ŝj)
(ρσ(H)).

In order to prove that Q2 has finite index in the group in right hand side above, it is enough to
show that CMod(

⊔l
j=a+1 Ŝj)0

(ρσ(H)) has finite index in NMod(
⊔l

j=a+1 Ŝj)
(ρσ(H)). From Step 3, both

NMod(
⊔l

j=a+1 Ŝj)
(ρσ(H)) and CMod(

⊔l
j=a+1 Ŝj)

(ρσ(H)) are virtually abelian of rank l− a, therefore

the latter has finite index in the former. The conclusion follows since CMod(
⊔l

j=a+1 Ŝj)0
(ρσ(H))

has finite index in CMod(
⊔l

j=a+1 Ŝj)
(ρσ(H)).

The proof of this proposition follows directly from Step 2, Step 3, and Step 4. □

4.2. Surfaces with empty boundary. Consider S to be a connected, orientable and closed
surface with a finite number of punctures. We use the auxiliary short exact sequences from the
previous subsection to study properties of the centralizers, normalizers and commensurators of
certain virtually abelian subgroups of Mod(S).

The following corollary is a direct consequence of Proposition 4.4.

Corollary 4.5. Consider a closed orientable connected surface S possibly with a finite number
of punctures such that χ(S) < 0. Let H be a (free) abelian subgroup of Mod(S)[3]. Then
CMod(S)(H) has finite index in NMod(S)(H), and NMod(S)(H) has finite index in NMod(S)[H].

Corollary 4.6. Consider a closed orientable connected surface S possibly with a finite number
of punctures such that χ(S) < 0. For every virtually abelian subgroup H of Mod(S) of rank at
least 2, we have that

(a) NMod(S)[H] is finitely generated.
(b) There is a finite index subgroup H ′ of H such that NMod(S)(H

′) is finitely generated.

Proof. First we prove item (a). By Theorem 2.8 the group H is finitely generated. Let H ′ be a
finite index (free) abelian subgroup of H∩Mod(S)[3], in particular H ′ is a finite index subgroup
of H. It follows that NMod(S)[H] = NMod(S)[H

′
]. Now, by Proposition 4.4 (c), it is enough to

prove that Q3 is finitely generated. Since Q3 is a finite index subgroup of Mod(
⊔a

i=1 Ŝi) × A3,

and clearly A3 and Mod(
⊔a

i=1 Ŝi) are finitely generated, it follows that Q3 is finitely generated.
Using Proposition 4.4 (b) and choosing H ′ as before, the proof of part (b) is similar to the

proof of the previous item. □

The following definition is borrowed from [Pry21, Definition 2.8].

Definition 4.7. ((Strong) Condition C) Let n be a natural number. We say that a group G
satisfies condition Cn (resp. strong condition Cn) if for every free abelian subgroup H of G of
rank n, and for all K ⊂ NG[H] finitely generated, there is H ′ commensurable with H (resp.
H ′ finite index subgroup of H) such that ⟨H,K⟩ ⊂ NG(H ′). Whenever G satisfies condition
Cn (resp. strong condition Cn), for all n, we say G satisfies condition C (resp. strong condition
C).
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Lemma 4.8. Let G be a group and let H be a free abelian subgroup. Assume that G satisfies
condition C (resp. strong condition C), and that NG[H] is finitely generated. Then there is H ′

commensurable with H (resp. H ′ finite index subgroup of H) such that NG[H] = NG(H ′).

Proof. Assume G satisfies condition C. Applying condition C to G and K = NG[H], we get
that there is H ′ commensurable with H such that ⟨H,NG[H]⟩ ⊆ NG(H ′). On the other hand,
⟨H,NG[H]⟩ = NG[H] = NG[H ′], hence NG[H ′] ⊆ NG(H ′). The other inclusion NG(H ′) ⊆
NG[H ′] is always true. The case whenG satisfies strong condition C is completely analogous. □

Proposition 4.9. Let S be a closed orientable connected surface possibly with a finite number
of punctures. The mapping class group Mod(S) satisfies strong condition C.

Proof. Let H be a free abelian group of rank n, and let K ⊂ NG[H] finitely generated. In
[LM07, Theorem 1.1.] it is proved that every solvable subgroup of Mod(S) is separable, hence
H is separable in Mod(S). Now by [CKRW20, Corollary 9] there is a finite index subgroup H ′

of H that is normal in ⟨H,K⟩. □

Theorem 4.10. Let S be a closed orientable connected surface possibly with a finite number
of punctures. Assume that S has negative Euler characteristic. Let H be a virtually abelian
subgroup of Mod(S) of rank k ≥ 2. Then there is a subgroup L ≤ H of finite index such that
L ≤ Mod(S)[3] and NMod(S)[L] = NMod(S)(L).

Proof. We take H ′ a finite index (free) abelian subgroup of H ∩ Mod(S)[3], thus NG[H] =
NG[H ′]. Now the proof follows directly from Corollary 4.6, Proposition 4.9, and Lemma 4.8
applied to H ′. □

Proposition 4.11. Let S be a closed orientable connected surface possibly with a finite number
of punctures. Assume that S has negative Euler characteristic. For every (free) abelian subgroup
H of Mod(S)[3] of rank k ≥ 1 we have

(a) NMod(S)(H) and WMod(S)(H) are virtual duality groups.
(b) vcd(NMod(S)(H)) = vcd(WMod(S)(H)) + k.

Proof. First we prove that WMod(S)(H) is a virtual duality group. Using Proposition 4.4, when
the rank of H is at least 2, and [NP18, Proposition 5.6], when H has rank 1, we have the
following short exact sequence

1 → Zn → NMod(S)(H)
ρσ−→ Q→ 1

where Q is a finite index subgroup of Mod(
⊔a

i=1 Ŝi)×A, and A is a finitely generated virtually
abelian group. From the previous short exact sequence we get the following

1 → Zn/(H ∩ Zn) → WMod(S)(H)
ρσ−→ Q/ρσ(H) → 1.

By [BE73, Theorem 3.5], to prove that WMod(S)(H) is a virtual duality group it is enough to
prove that Q/ρσ(H) is a virtual duality group. Now by Proposition 4.4 we have that Q/ρσ(H)

is a finite index subgroup of Mod(
⊔a

i=1 Ŝi)×A/ρσ(L). From [Bro94, Proposition 10.2] it follows
that finite index subgroups of virtual duality groups are virtual duality groups. Then to prove
that Q/ρσ(H) is a virtual duality group it is enough to prove that Mod(

⊔a
i=1 Ŝi) ×A/ρσ(L) is

a virtual duality group. From [BE73, Theorem 3.5] it follows that the finite product of virtual

duality groups is a virtual duality group. Then, to show that Mod(
⊔a

i=1 Ŝi) × A/ρσ(L) is a
virtual duality group, it is enough to prove that the factors are virtual duality groups. The
factor Mod(

⊔a
i=1 Ŝi) is a virtually duality group since it has the following finite index subgroup

Mod(
⊔a

i=1 Ŝi)
0 ∼=

∏a
i=1 Mod(Ŝj) which also is a virtual duality group, see [Iva87, Lemma 6.5].

The second factor A/ρσ(L) is a finitely generated virtually abelian group as it is a quotient of
a finitely generated virtually abelian group. Therefore A/ρσ(L) is a virtual duality group.

Since WMod(S)(H) = NMod(S)(H)/H and H is a free abelian, it follows from [BE73, Theorem
3.5] that NMod(S)(H) is a virtual duality group and item (b) holds.

□
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4.3. Surfaces with non-empty boundary. Let S be a connected surface, possibly with a
finite number of punctures, with non-empty boundary. In this section we consider Ŝ to be the
closed surface with punctures obtained from S by ‘capping’ the boundary components with
once-punctured disks. The inclusion S ↪→ Ŝ induces the capping homomorphism

θS : Mod(S) → Mod(Ŝ,Ω) ⊂ Mod(Ŝ),

where Mod(Ŝ,Ω) is the subgroup of Mod(Ŝ) consisting of elements that fix pointwise the set Ω

of punctures of Ŝ that come from capping the boundary components of S. The homomorphism
θS has kernel Zb generated by the Dehn twists along curves parallel to the b > 0 boundary
components of S. Since these Dehn twists are central in Mod(Ŝ,Ω), we have a central extension

1 → Zb → Mod(S)
θS−→ Mod(Ŝ,Ω) → 1.

This central extension is used to prove the results of interest for surfaces with non-empty
boundary from the results obtained in the previous section for surfaces with empty boundary.

Remark 4.12. [Pre-images of the capping homomorphism] For f ∈ Mod(Ŝ,Ω), we denote by

f̃ ∈ Mod(S) a pre-image under θS constructed as follows. Since f fixes Ω pointwise, for each

x ∈ Ω we can take a tubular neighborhood Ux such that Ŝ − ⊔x∈ΩUx = S and there is F ∈ f
that restricts to the identity in Ux for all x ∈ Ω. We take f̃ ∈ Mod(S) to be the isotopy class of

F |S; by construction it satisfies that θS(f̃) = f . Note that, provided h ∈ Mod(S), the element

θ̃S(h) can be chosen to be equal to h.

Proposition 4.13. Let S be a connected compact orientable surface with b > 0 boundary
components and possibly a finite number of punctures. Let H be a subgroup of Mod(S), then
we have the central extension

1 → Zb → NMod(S)(H) → NMod(Ŝ,Ω)(θS(H)) → 1.

Proof. We can restrict the capping homomorphism to the subgroup NMod(S)(H) ≤ Mod(S) to
get the following central extension´

1 → Zb → NMod(S)(H) → θS(NMod(S)(H)) → 1.

We show that θS(NMod(S)(H)) = NMod(Ŝ,Ω)(θS(H)); we only prove that NMod(Ŝ,Ω)(θS(H)) ⊆
θS(NMod(S)(H)) since the other inclusion is clear. Let f ∈ NMod(Ŝ,Ω)(θS(H)), then for all h ∈ H

we have that fθS(h)f−1 = θS(h′), for some h′ ∈ H. By taking the corresponding pre-images of
θS as in Remark 4.12 we have that

f̃ θ̃S(h)f̃−1 = θ̃S(h′), where θ̃S(h) = h and θ̃S(h′) = h′.

It follows that f̃ ∈ NMod(S)(H) and f = θS(f̃) ∈ θS(NMod(S)(H)).
□

Proposition 4.14. Let S be a connected orientable compact (possibly with a finite number
of punctures) surface with b > 0 boundary components. Assume that S has negative Euler
characteristic. For every free abelian subgroup H of Mod(S) of rank k ≥ 1 such that θS(H) is

a (free) abelian subgroup of Mod(Ŝ,Ω) ∩ Mod(Ŝ)[3], we have

(a) NMod(S)(H) and WMod(S)(H) are virtual duality groups.
(b) vcd(NMod(S)(H)) = vcd(WMod(S)(H)) + k.

Proof. As in the proof of Proposition 4.11, it is enough to prove that WMod(S)(H) is a virtual
duality group. By Proposition 4.13 we get the following short exact sequence

1 → Zb/(Zb ∩H) → WMod(S)(H) → WMod(Ŝ,Ω)(θS(H)) → 1.

By hypothesis θS(H) is a free abelian subgroup of Mod(Ŝ,Ω) ∩ Mod(Ŝ)[3], then by Proposi-
tion 4.11 a) we have that WMod(Ŝ,Ω)(θS(H)) is a virtual duality group. From [BE73, Theorem

3.5] it follows that WMod(S)(H) is a virtual duality group.
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□

Proposition 4.15. Let b ≥ 1 be a natural number. Consider a central extension of groups

1 → Zb → G
θ−→ Q→ 1.

Suppose that for every finitely generated free abelian subgroup A of Q there is a finite index
subgroup A′ of A such that NQ[A′] = NQ(A′). Then for every finitely generated free abelian
subgroup H of G there is a subgroup L of G such that L is commensurable with H and NG[L] =
NG(L).

Proof. Let H be a free abelian subgroup of G. Let r be the rank of Zb∩H. Since Zb∩H ≤ Zb,
then there is unique free abelian subgroup M of Zb maximal of rank r such that Zb ∩H ≤M .
Let T = MH. Notice that T is a subgroup of G commensurable with H, and θ(T ) = θ(H)
is a finitely generated abelian subgroup of Q. As a direct consequence of the hypothesis we
can find a finite index subgroup K of θ(H) such that NQ[K] = NQ(K). Let L = θ−1(K) ∩ T .
Note that L is a finite index subgroup of T , which is also commensurable with H. We claim
that NG[L] = NG(L). We only prove that NG[L] ⊆ NG(L) as the other inclusion is clear. Let
g ∈ NG[L] and l ∈ L. Since that θ(NG[L]) ⊆ NQ[θ(L)] = NQ(K) we have that θ(g) ∈ NQ(K).

Thus θ(g)θ(l)θ(g)−1 lies in K, that is, there exists l̃ ∈ T such that θ(g)θ(l)θ(g)−1 = θ(l̃). On

the other hand, since θ(l̃) lies in K, we conclude l̃ belongs to θ−1(K)∩T = L. As a consequence

we have θ(g)θ(l)θ(g)−1 = θ(l̃) for some l̃ ∈ L, and therefore glg−1 = l̃s with s ∈ Zb. We show
that s ∈M ⊂ L, hence we will have that glg−1 ∈ L, and g ∈ NG(L). Since g ∈ NG[L] we have
that gLg−1 ∩ L has finite index in gLg−1 and the extension is central there is n ∈ N such that
glng−1 = l̃nsn ∈ L. This implies sn ∈ L ∩ Zb = M , and the maximality of M gives us that
s ∈M . □

Lemma 4.16. Let G be a group and K a subgroup of G. Let H be a subgroup of K, suppose
that there is a subgroup L of K such that NG[H] = NG(L), then NK [H] = NK(L).

Proof. Note that NK [H] = NG[H] ∩K = NG(L) ∩K = NK(L). □

Proposition 4.17. Let S be a connected compact (possibly with punctures) orientable surface
with b > 0 boundary components. Assume that S has negative Euler characteristic. Let H be
a virtually abelian subgroup of Mod(S) of rank k ≥ 2, then there is a subgroup L of Mod(S)
such that L is commensurable with H , NMod(S)[L] = NMod(S)(L) and θS(L) is a subgroup of

Mod(Ŝ)[3].

Proof. Consider the central extension

1 → Zb → Mod(S)
θS−→ Mod(Ŝ,Ω) → 1.

By Theorem 4.10 we have that for every virtually abelian subgroup H of Mod(Ŝ) of rank

k ≥ 2, there is a subgroup L ≤ H of finite index such that L ≤ Mod(Ŝ)[3] and NMod(S)[L] =

NMod(S)(L). By Lemma 4.16, we conclude that for every abelian subgroup A of Mod(Ŝ,Ω) there
is a finite index subgroup A′ of A such that NMod(Ŝ,Ω)[A

′] = NMod(Ŝ,Ω)(A
′). The proposition

follows from Proposition 4.15.
□

4.4. Non-orientable surfaces. Let N be a non-orientable connected closed surface possibly
with finitely many punctures. Recall that the mapping class group of N is the group Mod(N)
of isotopy classes of diffeomorphisms of N . Let p : M → N be the orientable double cover of
N , i.e. M is connected and orientable, and p is a two-sheeted covering map. Assume N has
negative Euler characteristic, then there is an injective homomorphism ι : Mod(N) → Mod(M)
(see [BC72] and [LGGM18]). In what follows, we identify Mod(N) with the image of ι.
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Proposition 4.18. Let N be a connected non-orientable closed surface with finitely many
punctures. Assume that N has negative Euler characteristic. Let Γ = Mod(N) ∩ Mod(M)[3],
then Γ is a torsion-free finite index subgroup of Mod(N). Moreover, let H be a free abelian
subgroup of Γ, then CMod(N)(H) has finite index in NMod(N)(H), and NMod(N)(H) has finite
index in NMod(N)[H].

Proof. Note that, since N has negative Euler characteristic, so does its double cover M . Since
Mod(M)[3] is a torsion-free finite index subgroup of Mod(M) if follows that Γ = Mod(N) ∩
Mod(M)[3] is a torsion-free finite index subgroup of Mod(N). Let H be a free abelian sub-
group of Γ, in particular H is a free abelian subgroup of Mod(M)[3], hence by Corollary 4.5,
CMod(M)(H) has finite index in NMod(M)(H), and NMod(M)(H) has finite index in NMod(M)[H].
Taking the intersection with Mod(N) respectively we have the claim. □

Proposition 4.19. Let N be a connected non-orientable closed surface with finitely many
punctures. Assume that N has negative Euler characteristic. Let H be a virtually abelian
subgroup of Mod(N) of rank k ≥ 1, then there is a finite index subgroup L of H such that
NMod(N)[L] = NMod(N)(L).

Proof. Since the double cover M of N is an orientable surface with χ(M) < 0, then by Propo-
sition 4.2 and Theorem 4.10 there is a finite index subgroup L of H such that NMod(M)[L] =
NMod(M)(L). The claim follows from Lemma 4.16 □

5. Virtually abelian dimension of mapping class groups

In this section we prove Theorem 1.5. We first use the short exact sequences from Propo-
sition 4.4 to obtain, in Lemma 5.1 and Lemma 5.2, upper bounds for geometric dimensions
of normalizers and Weyl groups of some abelian subgroups of Mod(S). The upper bounds in
Theorem 1.5 are then obtained by an induction argument using a Lück and Weiermann push-
out construction given in Theorem 3.1 and the push-out of the union of two families given in
Lemma 3.3. The proof relies on the realization of commensurators of abelian subgroups as
normalizers obtained in Theorem 1.1 (see Theorem 4.10 and Proposition 4.17).

Lemma 5.1. Let S be a connected, closed, oriented and possibly with a finite number of punc-
tures. Assume that S has negative Euler characteristic, and let G = Mod(S). Consider L a
free abelian subgroup of Mod(S)[3] of rank k ≥ 2. Define G as the smallest family containing
{K ⊆ NG(L)|K ∼ L} ∪ (F0 ∩NG(L)), and F = Fk−1 ∩NG(L). Let WG(L) = NG(L)/L. Then

i) gdF0
(WG(L)) ≤ vcd(WG(L)),

ii) gdG(NG(L)) ≤ vcd(WG(L)),
iii) gdF∩G(NG(L)) ≤ vcd(WG(L)) + 2k − 1.

Proof. First we prove item i). By Proposition 4.4 we have the following short exact sequence

1 → Zn → NG(L)
ρσ−→ Q→ 1,

where Q is a finite index subgroup of Mod(
⊔a

i=1 Si) ×A and A is a finitely generated virtually
abelian group. Hence we have the next short exact sequence of virtual duality groups

1 → Zn/(L ∩ Zn) → WG(L)
ρσ−→ Q/ρσ(L) → 1,

see the proof of Proposition 4.11. Then we have vcd(WG(L)) = vcd(Zn/(L∩Zn))+vcd(Q/ρσ(L)).
Note that the family F0 of WG(L) is contained in the pullback family H of finite subgroups of
Q/ρσ(L), thus from [LW12, Proposition 5.1 (i)] it is enough to show that Q/ρσ(L) has a model
for EF0(Q/ρσ(L)) of dimension vcd(Q/ρσ(L)). Since that Q/ρσ(L) ⊆ Mod(

⊔a
i=1 Si)×A/ρσ(L),
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then

gdF0
(Q/ρσ(L)) ≤ gdF0

(Mod(
a⊔

i=1

Si)) + gdF0
(A/ρσ(L))

= vcd(Mod(
a⊔

i=1

Si)) + vcd(A/ρσ(L)), [NP18, Prop. 5.3] and [LW12, Thm. 5.13]

= vcd(Mod(
a⊔

i=1

Si) × A/ρσ(L)), as a consequence of Proposition 4.11

= vcd(Q/ρσ(L)), as a consequence of Proposition 4.4.

Now we prove item ii), i.e. gdG(NG(L)) ≤ vcd(WG(L)). A model for EF0WG(L) is a model
for EGNG(L) via the action given by the projection p : NG(L) → WG(L) since the family G is
the pullback under p, of the family of finite subgroups of WG(L), i.e. G is the smallest family
containing {p−1(S) : S is a finite subgroup of WG(L)}. Thus it is enough to prove that WG(L)
admits a model for EF0WG(L) of dimension vcd(WG(L)). The latter follows from item i).

Now we prove item iii), i.e. gdF∩G(NG(L)) ≤ vcd(WG(L)) + 2k − 1. Applying [LW12,
Proposition 5.1 (i)] to the inclusion of families F ∩ G ⊂ G we get

gdF∩G(NG(L)) ≤ gdG(NG(L)) + d

for some d such that for any K ∈ G we have gdF∩G∩K(K) ≤ d. Since we already proved
gdG(NG(L)) ≤ vcd(WG(L)), our next task is to show that d can be chosen to be equal to
2k − 1.

Recall that any K ∈ G is virtually Zt for some 0 ≤ t ≤ k. We split our proof into two cases.
First assume that K ∈ G is virtually Zt for some 0 ≤ t ≤ k−1. Hence K belongs to F , and also
belongs to G by hypothesis, therefore K belongs to F ∩ G and we conclude gdF∩G∩K(K) = 0.
Now assume K ∈ G is virtually Zk. We claim that F ∩ G ∩ K = Fk−1 ∩ K. The inclusion
F ∩ G ∩ K ⊂ Fk−1 ∩ K is clear since F ⊂ Fk−1. For the other inclusion let M ∈ Fk−1 ∩ K.
Since K ≤ NG(L) we get Fk−1 ∩ K ⊆ Fk−1 ∩ NG(L) = F , on the other hand M ≤ K ∈ G,
therefore M ∈ F ∩ G ∩K. This establishes the claim. We conclude that

gdF∩G∩K(K) = gdFk−1∩K(K) ≤ k + k − 1 = 2k − 1

where the inequality follows from [Pry21, Proposition 1.3]. □

Lemma 5.2. Let S be a connected, compact (possibly with punctures), oriented surface with
b > 0 boundary components. Assume that S has negative Euler characteristic, and let G =
Mod(S). Consider L be a free abelian subgroup of G of rank k ≥ 2 such that NG[L] = NG(L)

and θ(L) is a subgroup of Mod(Ŝ)[3] (see Proposition 4.17). Define G as the smallest family
containing {K ⊆ NG(L)|K ∈ Fk −Fk−1, K ∼ L}, and F = Fk−1 ∩NG(L). Then

i) gdG(NG(L)) ≤ vcd(WG(L)),
ii) gdF∩G(NG(L)) ≤ vcd(WG(L)) + 2k − 1.

Proof. First we show that gdG(NG(L)) ≤ vcd(WG(L)). A model for EF0WG(L) is a model
for EGNG(L) via the action given by the projection p : NG(L) → WG(L) since the family G is
the pullback under p, of the family of finite subgroups of WG(L). Thus it is enough to prove

that WG(L) admits a model for EF0WG(L) of dimension vcd(WG(L)). Denote Ĝ = Mod(Ŝ,Ω)
following the notation of section 4.3. By Proposition 4.13 we get the following short exact
sequence

1 → Zb/(Zb ∩ L) → WG(L) → WĜ(θS(L)) → 1.

By Proposition 4.11 a) and [BE73, Theorem 3.5] it follows that in fact we have a short ex-
act sequence of virtual duality groups, then by [BE73, Theorem 3.5] we have vcd(WG(L)) =
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vcd(WĜ(θS(L)))+vcd(Zb/(Zb∩L)). Note that F0 of WG(L) is contained in the pullback family
of finite subgroups of WĜ(θS(L)), thus from [NP18, Proposition 2.4] we get the following

gdF0
(WG(L)) ≤ gdF0

(WĜ(θS(L)) + gdF0
(Zb/(Zb ∩ L))

≤ vcd(WĜ(θS(L))) + vcd(Zb/(Zb ∩ L)), by Lemma 5.1 i)

= vcd(WG(L)).

The proof of item ii) is completely analogous to the proof of item iii) of Lemma 5.1. □

We now have all the ingredients to prove Theorem 1.5.

Theorem 1.5. Let S be a connected compact orientable surface possibly with a finite number
of punctures. Assume that S has negative Euler characteristic. Then for all n ∈ N we have

gdFn
(Mod(S)) ≤ vcd(Mod(S)) + n.

Proof. We use the notation G = Mod(S) and proceed by induction on n. The case n = 0
was proved in [AMP14, Theorem 1.1] for a compact surface without punctures and [Har86] for
a surface compact with a finite number of punctures. The case n = 1 was proved in [NP18,
Theorem 1.4]. Suppose that the inequality is true for all n ≤ k − 1. We prove that the
inequality is also true for n = k. Let ∼ be the equivalence relation on Fk − Fk−1 defined by
commensurability, and let I be a complete set of representatives of the conjugacy classes in
(Fk − Fk−1)/ ∼. Then by Theorem 3.1 the following homotopy G-push-out gives a model X
of EFk

G ⊔
H∈I

G×NG[H] ENG[H]∩Fk−1
NG[H] EFk−1

G

⊔
H∈I

G×NG[H] EFk[H]NG[H] X

⊔
H∈I

idG ×NG[H] f[H]

It follows that
gdFk

(G) ≤ dim(X)

≤ max{gdNG[H]∩Fk−1
(NG[H]) + 1, gdFk−1

(G), gdFk[H](NG[H])|H ∈ I}, by Remark 3.2

≤ max{gdFk−1
(G) + 1, gdFk[H](NG[H])|H ∈ I}, since gdNG[H]∩Fk−1

(NG[H]) ≤ gdFk−1
(G)

≤ max{vcd(G) + k, gdFk[H](NG[H])|H ∈ I}, by induction hypothesis.

Hence to prove that gdFk
(G) ≤ vcd(G) + k it is enough to prove that for all H ∈ I

gdFk[H](NG[H]) ≤ vcd(G) + k.

Let H ∈ I and take L commensurable with H as in Theorem 4.10 and Proposition 4.17, such
that NG[H] = NG[L] = NG(L). The family

Fk[L] = {K ⊆ NG(L)|K ∈ Fk −Fk−1, K ∼ L} ∪ (Fk−1 ∩NG(L))

can be written as the union of two families Fk[L] = G ∪ F , where G is the smallest family
containig {K ⊆ NG(L)|K ∈ Fk − Fk−1, K ∼ L} ∪ (F0 ∩NG(L)), and F = Fk−1 ∩NG(L). By
Lemma 3.3 the following homotopy NG(L)-push-out gives a model Y for EFk[L]NG(L)

EF∩GNG(L) EFNG(L)

EGNG(L) Y
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It follows that

gdFk[H](NG[H]) = gdFk[L]
(NG(L))

≤ dim(Y )

≤ max{gdF(NG(L)), gdF∩G(NG(L)) + 1, gdG(NG(L))}
≤ max{gdFk−1

(G), gdF∩G(NG(L)) + 1, gdG(NG(L))}
≤ max{gdFk−1

(G), vcd(WG(L)) + 2k, vcd(WG(L))}, by Lemma 5.1 and Lemma 5.2

≤ max{gdFk−1
(G), vcd(WG(L)) + 2k},

≤ max{gdFk−1
(G), vcd(NG(L)) + k}, by Proposition 4.11 and Proposition 4.14

≤ max{gdFk−1
(G), vcd(G) + k}, since vcd(NG(L)) ≤ vcd(G)

Finally, using the induction hypothesis gdFk−1
(G) ≤ vcd(G) + k − 1, we obtain

gdFk[H](NG[H]) ≤ vcd(G) + k.

□
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