
KHOO\ W\SH WKHRUHPV RQ WKH KRPRORJ\ RI WKH

VSDFH RI WUDQVYHUVDOV

M1 EUDFKR DQG O1 PRQWHMDQR

Devwudfw1 Lq wklv sdshu zh �phdvxuh� wkh vl}h ri wkh vhw ri ?0wudqvyhuvdov

ri d idplo| 8 ri frqyh{ vhwv lq -
?n& dffruglqj wr lwv krprorjlfdo frpsoh{lw|

lqvlgh wkh fruuhvsrqglqj Judvvpdqqldq pdqlirog� Rxu pdlq uhvxow vwdwhv wkdw

wkh �phdvxuh� > ri wkh vhw ri ?0wudqvyhuvdov ri 8 lv juhdwhu ru htxdo wkdq & li

dqg rqo| li hyhu| & n � phpehuv ri 8 kdyh d frpprq srlqw dqg dovr li dqg

rqo| li iru vrph lqwhjhu 6/ � $ 6 $ ?/ dqg hyhu| vxeidplo| 8
� ri 8 zlwk

& n 2 phpehuv/ wkh �phdvxuh� > ri wkh vhw ri 60wudqvyhuvdov ri 8 � lv juhdwhu

ru htxdo wkdq &1

41 Lqwurgxfwlrq1

Iru d idplo| I @ iD4> ===> Dgj ri g frqyh{ vhwv lq Uq.n> ohw Wq+I , eh wkh vhw ri

q0wudqvyhuvdov wr I> wkdw lv/ wkh vhw ri doo q0sodqhv lq Uq.n
zklfk lqwhuvhfw hyhu|

phpehu ri I=

Li [ lv d vhw ri q0sodqhv lq Uq.n
/ zh vd| wkdw �+[, � u li [ kdv �krprorjlfdoo|�

dv pdq| q0sodqhv dv wkh vhw ri q0sodqhv wkurxjk wkh ruljlq lq Uq.u= Wkxv/ � �phd0

vxuhv� wkh krprorjlfdo frpsoh{lw| ri [ lqvlgh wkh fruuhvsrqglqj Judvvpdqqldq

pdqlirog= Zh zloo xvh wklv �phdvxuh� wr suryh wkdw li vxeidplolhv ri I zlwk ihz

phpehuv kdyh hqrxjk wudqvyhuvdov ri vpdoo glphqvlrq/ wkhq wkh zkroh idplo| I

kdv pdq| wudqvyhuvdov ri d �{hg glphqvlrq1 Wkdw lv/ diwhu d irupdo gh�qlwlrq ri

�> lq Vhfwlrq 5/ zh vkdoo suryh lq Vhfwlrq 6 wkh htxlydohqfh ri wkh iroorzlqj wkuhh

surshuwlhv1

- Hyhu| n .4 phpehuv ri I kdyh d srlqw lq frpprq>

- �+Wq+I ,, � n>

- Iru vrph lqwhjhu p zkhuh 4 �p � q dqg hyhu| vxeidplo| I 3
ri I zlwk n .5

phpehuv �+Wp+I
3
,, � n1

Wkh �uvw htxlydohqfh fdq eh wkrxjkw ri dv d krprorjlfdo yhuvlrq ri Kruq dqg

Nohh*v fodvvlfdo uhvxowv ^8/9`1 Vhh dovr ^7`1 Wkh| suryhg wkdw wkh iroorzlqj dvvhuwlrqv

duh htxlydohqw1

d, Hyhu| n .4 phpehuv ri I kdyh d srlqw lq frpprq>

e, Hyhu| olqhdu q0vxevsdfh ri Uq.n
dgplwv d wudqvodwh zklfk lv d phpehu ri

Wq+I ,>

f, Hyhu| +q� 4,0sodqh � olhv lq d phpehu ri Wq+I ,=

Iluvw qrwh wkdw e, lv mxvw dvvhuwlrq f,/ zkhq � olhv dw lq�qlw|1 Lq idfw/ wkh vhw ri doo

q0sodqhv wkdw frqwdlq � lv d pdqlirog hpehgghg lq wkh fruuhvsrqglqj Judvvpdqqldq

pdqlirog> zklfk uhsuhvhqwv dq hohphqw ri lwv frkrprorj|1 Vr/ e| xvlqj wkh surgxfw

vwuxfwxuh ri wkh frkrprorj| zh vkdoo suryh wkdw

�+Wq+I ,, � n , e, dqg f,1

Gdwh = Rfwrehu/ 53341

4
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Li [ lv d vhw ri q0sodqhv lq Uq.n dqg iru hyhu| olqhdu q0vxevsdfh ri Uq.n zh fdq

fkrrvh d wudqvodwh zklfk lv d phpehu ri [> wkhq �+Wq+I ,, lv qrw qhfhvvdulo| juhdwhu

ru htxdo wkdw n> xqohvv/ ri frxuvh/ dffruglqj zlwk rxu gh�qlwlrq ri �> wkh fkrlfh fdq

eh grqh frqwlqxrxvo|1 Li [ @ Wq+I ,> wkh h{lvwhqfh ri d phpehu ri Wq+I , sdudooho
wr hyhu| olqhdu q0vxevsdfh ri Uq.n lpsolhv wkdw zh fdq fkrrvh frqwlqxrxvo| wklv

phpehu dqg khqfh wkdw=

�+Wq+I ,, � n / e, dqg f,1

Wkh vslulw ri wkh frpsohwh htxlydohqfhv iroorzv wkh wrsrorjlfdo vwxg| ri wkh vsdfh

ri wudqvyhuvdov lqlwldwhg lq ^4` dqg ^5`1

Zh vkdoo frqvlghu Hxfolghdq q0vsdfhUq dqg frpsohwh lw wr wkh q0surmhfwlyh vsdfh

Sq e| dgglqj wkh k|shusodqh dw lq�qlw|1 Ohw J+q . n>q, eh wkh Judvvpdqqldq

qn0pdqlirog ri doo q0sodqhv wkurxjk wkh ruljlq lq hxfolghdq vsdfh Uq.n= Dowkrxjk

zh vxppdul}h zkdw zh qhhg lq Vhfwlrq 5/ jrrg uhihuhqfhv iru wkh krprorj| dqg

frkrprorj| ri Judvvpdqqldq pdqlirogv duh Ploqru dqg Vwdvkh� ^:`/ Srqwu|djlq ^<`

dqg Fkhuq ^6`> vhh dovr ^;`1 Lq wklv sdshu/ zh zloo xvh uhgxfhg Fhfk0krprorj| dqg

frkrprorj| zlwk ]50frh!flhqwv1

51 Wkh wrsrorj| ri Judvvpdqqldq pdqlirogv1

Ohw �4> ===> �q eh d vhtxhqfh ri lqwhjhuv vxfk wkdw 3 � �4 � === � �q � n= Ohw xv

ghqrwh e|=

+514, i�4> ===> �qj @ iK 5 J+q . n>q, m glp+K _ U�m.m, � m> m @ 4> ===> qj= Iru
h{dpsoh/ i3> �> ===> �j @ iK 5 J+q . n> q, m U4 � K � Uq.�j dqg in � �> ===> n �

�> nj @ iK 5 J+q. n> q, m glp+K _Uq�4.n��, � q� 4j=

+515, Lw lv nqrzq wkdw i�4> ===> �qj � J+q. n>q, lv d forvhg frqqhfwhg �0pdqlirog/

zkhuh � @
S

q

4
�l/ h{fhsw srvvleo| iru d forvhg frqqhfwhg vxevhw ri frglphqvlrq

wkuhh1 Wkxv/ K�+i�4> ===> �qj>]5, @ ]5 @ K�+i�4> ===> �qj>]5,= Ohw +�4> ===> �q, 5
K
�
+J+q. n>q,>]5, eh wkh �0f|foh zklfk lv lqgxfhg e| wkh lqfoxvlrq i�4> ===> �qj �

J+q.n> q,= Wkhvh f|fohv duh fdoohg Vfkxehuw0f|fohv1 D fdqrqlfdo edvlv iru K�+J+q.
n>q,>]5, frqvlvwv ri doo Vfkxehuw0f|fohv +�4> ===> �q, vxfk wkdw 3 � �4 � === � �

q
� n

dqg

S
q

4
�
l
@ �=

+516, Ohw xv ghqrwh e| ^�4> ===> �q` 5 K�+J+q. n>q,>]5, wkh �0frf|foh zkrvh ydoxh

lv rqh iru +�4> ===> �q, dqg }hur iru dq| rwkhu Vfkxehuw0f|foh ri glphqvlrq �= Wkxv d

fdqrqlfdo edvlv iru K�+J+q . n> q,>]5, frqvlvwv ri doo Vfkxehuw0frf|fohv ^�4> ===> �q`
vxfk wkdw 3 � �4 � === � �

q
� n dqg

S
q

4
�
l
@ �=

Wkh lvrprusklvp G = K�+J+q . n>q,>]5, $ Kqn��+J+q . n> q,>]5, jlyhq e|=

G++�4> ===> �q,, @ ^n� �q> ===> n ��4` lv wkh fodvvlfdo Srlqfduì Gxdolw| Lvrprusklvp1

+517, E| wkh deryh/ li [ � J+q . n> q, lv vxfk wkdw [ _ i�4> ===> �qj @ ! dqg

l
[

= [ $ J+q. n>q, lv wkh lqfoxvlrq/ wkhq

l�
[
+G++�4> ===> �q,,, @ l�

[
+^n � �q> ===> n � �4`, @ 3

+518, Ohw P+q . n>q, eh wkh vhw ri doo q0sodqhv lq Uq.n= Wkxv/ J+q . n> q, �
P+q. n>q,= Zh vkdoo uhjdug P+q.n> q, dv dq rshq vxevhw ri J+q. n.4> q.4,/
pdnlqj wkh iroorzlqj lghqwl�fdwlrqv=

Ohw }3 5 Uq.n.4 � Uq.n
eh d �{hg srlqw dqg/ zlwkrxw orvv ri jhqhudolw|/ ohw

J+q. n.4> q.4, eh wkh vsdfh ri doo +q.4,0sodqhv lq Uq.n.4
wkurxjk }3= Ohw xv
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lghqwli| K 5P+q . n> q, zlwk wkh xqltxh +q . 4,0sodqh K 3 5 J+q . n . 4> q . 4,
zklfk frqwdlqv K dqg sdvvhv wkurxjk }3= Wkxv

J+q. n>q, �P+q. n> q, � J+q. n .4> q .4,>

zkhuh P+q . n>q, lv dq rshq vxevhw ri J+q . n . 4> q . 4, dqg J+q . n>q, �
J+q. n .4> q.4, pd| eh uhjdughg dv i3> n> ===> nj/ wkh vhw ri doo +q.4,0sodqhv lq
Uq.n.4 zklfk frqwdlqv U4= Lq rwkhu zrugv/ li m = J+q. n> q,$ J+q. n.4> q.4,
lv wkh lqfoxvlrq/ wkhq m+i�4> ===> �qj, @ i3> �4> ===> �qj= Vr/ li 3 � � � n> i3> �> ===> �j
dv d vxevhw ri P+q. n>q, lv wkh vhw ri doo q0sodqhv K wkurxjk wkh ruljlq lq Uq.n

zlwk wkh surshuw| wkdw K � Uq.�=

Li [ �P+q.n> q,> wkhq l[ = [ $ J+q.n.4> q.4, zloo ghqrwh wkh lqfoxvlrq1

+519, Ohw D eh d vxevhw ri [> l = D$ [ wkh lqfoxvlrq dqg ohw � 5 K�+[>]5,= Zh

vd| wkdw � lv }hur ru qrw }hur lq D/ surylghg l�+�, lv }hur ru qrw }hur uhvshfwlyho|/

lq K�+D>]5,=
Qrz zh duh uhdg| wr vwdwh rxu pdlq gh�qlwlrq zklfk fdswxuhv wkh edvlf lghd ri

kdylqj dv pdq| q0sodqhv dv wkh vhw ri doo q0sodqhv wkurxjk wkh ruljlq lq Uq.u =

Gh�qlwlrq1 Ohw [ � P+q . n>q, � J+q . n . 4> q . 4,1 Iru 3 � u � n> zh vd|

wkdw wkh �phdvxuh� ri [ lv dw ohdvw u>

�+[, � u>

li ^3> u> ===> u` lv qrw }hur lq [=

Lw lv hdv| wr yhuli| wkdw li �+[, � u> wkhq/ iru dq| lqwhjhu 3 � ur � u> �+[, �
ur= Ixuwkhupruh/ revhuyh wkdw iru p A 3> wkhq [ lv dovr qdwxudoo| frqwdlqhg lq

P+q.p. n> q, dqg wkh gh�qlwlrq ri wkh �phdvxuh� � lv lqghshqghqw ri p=

H{dpsoh 5141 Ohw I @ iD3> ===>Dgj eh d idplo| ri frqyh{ vhwv= Zh vd| wkdw I kdv

d f|foh ri wudqvyhuvdo olqhv li wkhuh lv d wudqvyhuvdo olqh wkdw pryhv frqwlqxrxvo|

xqwlo lw frphv edfn wr lwvhoi zlwk wkh rssrvlwh rulhqwdwlrq1 Revhuyh wkdw/ I kdv d

f|foh ri wudqvyhuvdo olqhv li dqg rqo| li �+W4+I ,, � 4

Wkh iroorzlqj ohppd zloo eh yhu| xvhixo iru rxu sxusrvhv

Ohppd 5141 Ohw [ � P+q . n>q, eh d froohfwlrq ri q0sodqhv dqg ohw K eh d u0

sodqh ri Uq.n> 4 � u � n= Li �+[, � u> wkhq wkhuh lv � 5 [ vxfk wkdw �K+�, lv d

vlqjoh srlqw/ zkhuh �
K
= Uq.n $ K lv wkh ruwkrjrqdo surmhfwlrq1

Surri1 Ohw \ �P+q.n>q, eh wkh vhw ri doo q0sodqhv � lq Uq.n vxfk wkdw �K+�, lv d
vlqjoh srlqw1 Dv lq +518,/ zh uhjdug \ �P+q.n>q, dv d vxevhw ri J+q.n.4> q.4,=
Ohw � eh wkh +q . n � u,0sodqh lq Uq.n.4 wkurxjk }3 ruwkrjrqdo wr wkh +u . 4,0
sodqh wkdw frqwdlqv K dqg sdvvhv wkurxjk }3= Qrwh wkdw � 5 \ li dqg rqo| li wkh

+q.4,0sodqh �3 wkdw frqwdlqv � dqg sdvvhv wkurxjk }3 lv vxfk wkdw glp+�3_�, � q=

Frqvhtxhqwo|/ li zh uhjdug \ dv d vxevhw ri J+q. n.4> q.4,/ e| +514, dqg +518,/

\ @ in � u> ===> n � u> nj=

Ohw xv uhjdug [ dv d vxevhw ri J+q. n.4> q.4, dqg vxssrvh wkdw [ _\ @ !=

Wkhq/ e| +517,/ l�
[
+^3> u> ===> u`, @ 3> zklfk phdqv wkdw ^3> u> ===> u` lv }hur lq [/ exw

wklv lv d frqwudglfwlrq ehfdxvh �+[, � u= Wkhq/ [ _ \ 9@ != Wklv frpsohwhv wkh

surri ri Ohppd 5141

Uhpdun 5141 Li lq wkh deryh surri/ n @ u> dqg \ � P+q . n>q, lv wkh vhw ri doo

q0sodqhv � lq Uq.n vxfk wkdw � � �/ zkhuh � lv d +q� 4,0sodqh lq Sq.n> wkhq zh

rewdlq wkh iroorzlqj uhvxow1 Ohw [ �P+q.n> q, eh d froohfwlrq ri q0sodqhv zlwk wkh
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surshuw| wkdw �+[, � n> wkhq= hyhu| olqhdu q0vxevsdfh ri U
q.n

dgplwv d wudqvodwh

zklfk lv d phpehu ri [> dqg hyhu| +q� 4,0sodqh � olhv lq d phpehu ri [=

61 Wkh Vsdfh ri Wudqvyhuvdov

Ohw I @ iD3
> ===> D

gj eh d idplo| ri frqyh{ vhwv lq Uq.n dqg ohw Wq+I ,/ wkh vsdfh

ri q0wudqvyhuvdov ri I> eh wkh vxevhw ri wkh Judvvpdqqldq pdqlirog P+q . n>q,
ri q0sodqhv wkdw lqwhuvhfw doo phpehuv ri I=

Ehiruh vwdwlqj rxu �uvw uhvxow zh qhhg wkh iroorzlqj whfkqlfdo ohppd1

Ohppd 6141 Ohw D
3
>D

4
===> D

n
eh n . 4 frqyh{ vhwv lq U

q.n
> q � 3> vxfk wkdwW

n

3
Dl

@ != Wkhq wkhuh lv d n0glphqvlrqdo olqhdu vxevsdfh K ri Uq.n zlwk wkh

surshuw| wkdw
W
n

3
�K+D

l
, @ !> zkhuh �K = Uq.n

$ K lv wkh ruwkrjrqdo surmhfwlrq1

Surri1 Wkh surri lv e| lqgxfwlrq rq n= Li n @ 4> wkh surri iroorzv e| wkh vhsdudwlrq

wkhruhp iru glvmrlqw frqyh{ vhwv1 Vxssrvh wkh wkhruhp lv wuxh iru n/ zh zloo suryh

lw iru n .4=

Ohw D3> D4===>Dn.4 eh n . 5 frqyh{ vhwv lq Uq.n> vxfk wkdw
W
n.4

3
Dl

@ != Vlqfh

+
W
n

3
Dl

,_Dn.4
@ !> wkhq wkhuh lv d k|shusodqh � wkdw vhsdudwhv

W
n

3
Dl iurp Dn.41

Vxssrvh
W
n

3
Dl
� �

� dqg Dn.4
� �

.> zkhuh �. dqg �
� duh wkh forvhg kdoi0vsdfhv

ghwhuplqhg e| �= Qrwh wkdw
W
n

3
+Dl

_ �
.
, @ !=

E| lqgxfwlrq k|srwkhvlv/ wkhuh lv d n0glphqvlrqdo olqhdu vxevsdfh K3 vxfk wkdwW
n

3
�K3

+Dl
_ �

.
, @ != Ohw K eh d +n . 4,0glphqvlrqdo olqhdu vxevsdfh frqwdlqlqj

K3 dqg wkh 40glphqvlrqdo olqhdu vxevsdfh ruwkrjrqdo wr �= Zh vkdoo suryh wkdw

n.4_

3

�K +D
l
, @ !=

Dvvxph wkh rssrvlwh dqg wdnh { 5
W
n.4

3
�K+D

l
,= Vlqfh { 5 �K+D

n.4
, � �K+�

.
,>

wkhq { 5 �K +D
l
_�

.
,> iru l @ 3> ===> n> zklfk lv d frqwudglfwlrq ehfdxvh

W
n

3
�K +D

l
_

�
.
, 9@ ! lpsolhv

W
n

3
�K3

+�K+D
l
_ �

.
,, @

W
n

3
�K3

+Dl
_�

.
, 9@ !=

Rxu �uvw uhvxow fkdudfwhul}hv idplolhv ri frqyh{ vhwv zlwk wkh +n.4,0lqwhuvhfwlrq

surshuw|1

Wkhruhp 6151 Ohw I @ iD4> ===> Dgj eh d idplo| ri g frqyh{ vhwv lq Uq.n> g � n.4=

Hyhu| vxeidplo| ri I zlwk n .4 phpehuv kdv d frpprq srlqw li dqg rqo| li

�+Wq+I ,, � n=

Surri1 Vxssrvh hyhu| vxeidplo| ri I zlwk n . 4 phpehuv kdv d frpprq srlqw1

Zh vwduw e| frqvwuxfwlqj d frqwlqxrxv pds # = J+q . n>q, $ Wq+I , dv iroorzv=

iru hyhu| q0sodqh K wkurxjk wkh ruljlq/ ohw �K = Uq.n $ KB eh wkh ruwkrjrqdo

surmhfwlrq/ zkhuh KB lv wkh n0sodqh wkurxjk wkh ruljlq ruwkrjrqdo wr K= Ohw xv

frqvlghu wkh idplo| �K+I , @ i�K +D4,> ===> �K +Dg
,j ri g frqyh{ vhwv lq KB= Qrwh

wkdw hyhu| vxeidplo| ri �K+I , zlwk n.4 phpehuv kdv d frpprq srlqw1 Wkhuhiruh/

e| Khoo|*v Wkhruhp/ wkh frqyh{ vhw I +K, @
W
g

4
�K+D

l
, lv qrw hpsw|1 Qrwh dovr

wkdw I +K, � KB ghshqgv frqwlqxrxvo| rq K 5 J+q . n>q,= Ohw #+K, eh wkh q0

sodqh wkurxjk wkh fhqwhu ri pdvv ri I +K, dqg ruwkrjrqdo wr KB= E| frqvwuxfwlrq/

#+K, 5 Wq+I ,=
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Ohw l = Wq+I ,$ J+q. n.4> q.4, dqg qrwh wkdw l# = J+q. n> q,$ J+q. n.

4> q. 4, lv krprwrslf wr wkh lqfoxvlrq1 Wkhuhiruh/ e| +514, dqg +516,/ ^3> n> ===> n` lv

qrw }hur lq Wq+I , dqg khqfh �+Wq+I ,, � n=

Vxssrvh qrz �+Wq+I ,, � n dqg vxssrvh wkdw
W
n.4

4
Dl

@ != E| Ohppd 614/ wkhuh

lv d n0glphqvlrqdo olqhdu vxevsdfhK riUq.n zlwk wkh surshuw| wkdw
W
n.4

4
�
K
+Dl

, @

!> zkhuh �
K

= Uq.n
$ K lv wkh ruwkrjrqdo surmhfwlrq1 Wklv lv d frqwudglfwlrq

ehfdxvh/ e| Ohppd 514/ wkhuh lv � 5 Wq+I , vxfk wkdw �K+�, lv d vlqjoh srlqw zklfk

olhv lq
W
g

4
�K+Dl

,= Wklv frpsohwhv wkh surri ri Wkhruhp 6151

H{dpsoh 6141 Iru n @ 4 dqg q @ 5> Wkhruhp 615 vwdwhv wkdw hyhu| wzr phpehuv

ri I kdyh d frpprq srlqw li dqg rqo| li iru hyhu| gluhfwlrq wkhuh lv d wudqvyhuvdo

sodqh wr I ruwkrjrqdo wr lw1

Rxu qh{w uhvxow fkdudfwhul}hv idplolhv ri n . 5 frqyh{ vhwv zlwk wkh +n . 4,0

lqwhuvhfwlrq surshuw|1 Qrwh wkdw wklv wlph rxu wudqvyhuvdov qhhg qrw wr eh ri glphq0

vlrq n=

Wkhruhp 6161 Ohw I @ iD4> ===>Dn.5
j eh d idplo| ri n . 5 frqyh{ vhwv lq Uq.n

dqg ohw xv frqvlghu dq lqwhjhu 4 �p � q= Hyhu| vxeidplo| ri I zlwk n.4 phpehuv

kdv d frpprq srlqw li dqg rqo| li

�+Wp+I ,, � n=

Surri1 Vxssrvh hyhu| vxeidplo| ri I zlwk n.4 phpehuv kdv d frpprq srlqw1 Iru

l @ 4> ===> n.5> ohw dl 5
W
m 9@liD

m 5 Ij 9@ ! dqg ohw � eh d +p. n,0sodqh frqwdlqlqj

� @ id4> ===> dn.5j= Ixuwkhupruh/ iru l @ 4> ===> n . 5> ohw El � � eh wkh frqyh{ kxoo

ri wkh vhw idm 5 � m l 9@ mj= Wkhuhiruh/ I 3 @ iE4> ===>En.5j lv d idplo| ri frqyh{

vhwv lq wkh +p . n,0sodqh � zlwk wkh surshuw| wkdw Wp+I
3, � Wp+I , ehfdxvh iru

l @ 4> ===> n . 5> El � Dl= E| Wkhruhp 615/ iru q @ p> �+Wp+I
3,, � n> zklfk

lpphgldwho| lpsolhv wkdw �+Wp+I ,, � n=

Vxssrvh qrz �+Wp+I ,, � n dqg vxssrvh
W
n.4

4
Dl @ != E| Ohppd 614/ wkhuh lv d

n0glphqvlrqdo olqhdu vxevsdfh K ri Uq.n zlwk wkh surshuw| wkdw
W
n.4

4
�K+D

l, @ !>

zkhuh �K = Uq.n $ K lv wkh ruwkrjrqdo surmhfwlrq1 Qrwh qrz wkdw Wp+I , �

P+p.+q�p.n,>p, lv d froohfwlrq ri p0sodqhv lq Up.+q�p.n, zlwk wkh surshuw|

wkdw �+Wp+I ,, � n> dqg K lv d n0sodqh/ 4 � n � q �p. n= E| Ohppd 514/ wkhuh

lv � 5 Wp+I , vxfk wkdw �K +�, lv d vlqjoh srlqw zklfk olhv lq
W
n.4

4
�K+D

l,= Wklv lv

d frqwudglfwlrq1

H{dpsoh 6151 Iru n @ 4 dqg p @ 4> Wkhruhp 616 vwdwhv wkdw wkuhh frqyh{ vhwv

kdyh wkh surshuw| wkdw hyhu| wzr ri wkhp kdyh d frpprq srlqw li dqg rqo| li wkhuh

lv d f|foh ri wudqvyhuvdo olqhv wr wkhp1

Zh frqfoxgh zlwk rxu pdlq uhvxow/ zkrvh surri iroorzv lpphgldwho| iurp Wkhr0

uhpv 615 dqg 6161

Wkhruhp 6171 Ohw I @ iD4> ===>Dgj eh d idplo| ri g frqyh{ vhwv lq Uq.n> g �
n.5> dqg ohw xv frqvlghu dq lqwhjhu 4 �p � q= Hyhu| vxeidplo| I 3 ri I zlwk n.5

phpehuv kdv wkh surshuw| wkdw �+Wp+I
3
,, � n li dqg rqo| li �+Wq+I ,, � n=
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H{dpsoh 6161 Iroorzlqj Kruq dqg Nohh*v vslulw/ iru n @ 4> q @ 5> dqg p @ 4>

Wkhruhp 617 vwdwhv wkdw hyhu| 6 frqyh{ vhwv ri I kdyh d f|foh ri wudqvyhuvdo olqhv

li dqg rqo| li I kdv wudqvyhuvdo sodqhv ruwkrjrqdo wr hyhu| gluhfwlrq1

H{dpsoh 6171 Iru p @ q> Wkhruhp 617 vwdwhv wkdw li iru hyhu| vxeidplo| I 3 ri I

zlwk n.5phpehuv dqg iru hyhu| olqhdu q0vxevsdfh ri Uq.n wkhuh lv d wudqvodwh zklfk

lv d q0wudqvyhuvdo wr I 3> wkhq hyhu| olqhdu q0vxevsdfh ri Uq.n dgplwv d wudqvodwh

zklfk lv d q0wudqvyhuvdo wr I=

H{dpsoh 6181 Ohw I @ iD4> ===> Dgj eh d idplo| ri frqyh{ vhwv lq Uq.n= Dffruglqj

wr ^4`/ I kdv d yluwxdo q0srlqw/ li wkhuh duh +krprorjlfdoo|, dv pdq| q0wudqvyhuvdov

wr I dv li I kdg d frpprq srlqw/ wkdw lv/ dv pdq| q0wudqvyhuvdov dv wkhuh duh

q0sodqhv wkurxjk wkh ruljlq lq Uq.n= Pruh suhflvho|/ I kdv d yluwxdo q0srlqw dqg

rqo| li �+W
q
+I ,, � n= Iru p @ q> Wkhruhp 617 vwdwhv wkdw hyhu| vxeidplo| I 3 ri I

zlwk n . 5 phpehuv kdv d yluwxdo q0srlqw li dqg rqo| li I kdv d yluwxdo q0srlqw

Uhihuhqfhv

^4` M1 Durfkd/ M1 Eudfkr/ O1 Prqwhmdqr/ G1Rolyhurv dqg U1 Vwudxv}/ Wrsrorjlfdo wudqvyhuvdo wkhru|

dqg wkh fdwhjrulhv ri Vhsdurlgv1 Wr dsshdu lq Glvfuhwh dqg Frpsxwdwlrqdo Jhrphwu|1

^5` M1 Eudfkr/ O1 Prqwhmdqr dqg G1 Rolyhurv/ Wkh wrsrorj| ri wkh vsdfh ri wudqvyhuvdov wkurxjk

wkh vsdfh ri frq�jxudwlrqv1 Wr dsshdu lq Wrsrorj| dqg lwv Dssolfdwlrqv1

^6` V1 V1 Fkhuq/ Rq wkh pxowlsolfdwlrq lq wkh fkdudfwhulvwlf ulqj ri d vskhuh exqgoh/ Dqqdov ri

Pdwk1/7< +4<7;,/ 69506:51

^7` O1 Gdq}hu/ E1 Juÿqedxp/ dqg Y1 Nohh/ Khoo|*v wkhruhp dqg lwv uhodwlyhv/ Frqyh{lw|/ yro1 :/

Surf1 V|srv1 Sxuh Pdwk1/ Dphu1 Pdwk1 Vrf1/ Surylghqfh/ UL/ 4<96/ ss1 6;<077;1

^8` D1 Kruq/ Vrph jhqhudol}dwlrqv ri Khoo|*v wkhruhp rq frqyh{ vhwv/ Exoo1 Dp1 Pdwk1 Vrf1/ 88

+4<7<,/ <560<5<1

^9` Y1 Nohh/ Rq fhuwdlq lqwhuvhfwlrq surshuwlhv ri frqyh{ vhwv/ Fdqdg1 M1 Pdwk1 6 +4<84,/ 5:505:81

^:` M1Z1 Ploqru dqg M1 G1 Vwdvkh�/ Fkdudfwhulvwlf Fodvvhv/ Dqqdov ri Pdwkhpdwlfdo Vwxglhv Qr1:9/

Sulqfhwrq Xqlyhuvlw| Suhvv/ Q1M1/ 4<:71

^;` O1 Prqwhmdqr/ Uhfrjql}lqj vhwv e| phdqv ri vrph ri wkhlu vhfwlrqv/ Pdqxvfulswd Pdwk1/ :9

+4<<5,/ 55:056<1

^<` O1 V1 Srqwu|djlq/ Fkdudfwhulvwlf f|fohv rq gl�huhqwldo pdqlirogv/ Wudqvodwlrqv ri wkh Dphu1

Pdwk1 Vrf1 Qr165 +4<83,/ 47<054;1


