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Abstract

We estimate the chromatic number of graphs whose vertex set is the set of edges of a complete
geometric graph on n points, and adjacency is defined in terms of geometric disjointness or geometric
intersection.

1 Introduction

For integersn > k > t > 0, the general Kneser graph K (n, k, t) is defined as the graph whose vertices
are all k-subsets of the set {1,2,...,n} and two such sets X and Y joined by an edge if and only if
| X NY| < t(seeeq. [JT95]). Kneser [Kn55] conjectured the following result on the chromatic number:
X(K(n,k,1)) =n—2k+2foral 2 < k < n/2. Thiswas proved by Lovasz [Lo78] using tools from
algebraic topology. A shorter proof was given shortly after by Barany [Ba78], and a purely combinatorial
proof has been obtained recently by Matousek [Ma03].

In this paper we discuss the following two geometric versions of the problem. Let S be aset of »n points
in general position in the plane (i.e., no three points collinear), and consider two graphs D(S) and (.S)
whose vertex set consists of all subsets of £ pointsin.S. Two such sets X and Y areadjacent in D(.S) if and
only if their convex hulls are disoint, and are adjacent in 7(.S) if and only if their convex hulls intersect.

In the sequel, we restrict ourselves to the case k = 2, and refer to D(.S) and I(.S), respectively, as the
segment digjointness graph of .S and the segment intersection graph of S. Let

d(n) = max{x(D(S)) : S C R?isin genera position, |S| = n},

and similarly
i(n) = max{x(I(9)) : S c R?isingeneral position, |S| = n}.

If we restrict our attention to point sets in convex position, then the corresponding functions are denoted
by d.(n) and i.(n), respectively. In this case we denote the corresponding graphs D(n) and I(n), since
clearly they depend only on the number n of points and not on the particular position of the points. With
this notation d.(n) = x(D(n)) andi.(n) = x(I(n)). Weclearly have d.(n) < d(n) andi.(n) < i(n).

Our first result provides bounds for the functions d.(n) and d(n). Throughout this note, logarithms are
to the base two.
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Theorem 1 For any n > 3 we have
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| —1<d.(n) <min (n UognJ

)
(i) 5% ] < d(n) < min <n—2 n+3— Uoglog" )
2

Noticethat D(n) isaspanning subgraph of K (n,2,1). Thefact that the chromatic numbers d.(n) and
d(n) are smaller than the corresponding valuen — 2 = x (K (n, 2, 1)) shows adifferent qualitative behavior
when geometry comesinto play.

Our second result gives bounds for the functionsi.(n) and i(n).

Theorem 2 For any n > 3 we have

(i) ic(n) = n.

(ii) n < i(n) < Cn3/?, for some constant C' > 0.

It is easy to check that for fixed k > 3, d(n) = ©(n) and i(n) = ©(n*), and this is why we restrict
our attention to thecase k = 2. Let 3 < k£ < n/2 be afixed integer, and S be a set of n pointsin general
position in the plane. That d(n) = O(n) follows from the upper bound x (K (n,k,1)) < n — 2k + 2; see
aso the proof of Theorem 1 below. To seethat d(n) = 2(n), consider sweeping a vertical line across S to
get [n/k| subsets of & points each, whose convex hulls are pairwise disjoint, thus each requires a different
color. Consider next i(n). Coloring each subset of k£ points of .S with a different color gives the trivial
upper bound i(n) = O(n*). If S isaset of n pointsin convex position, say in clockwise order, it can be
partitioned into & consecutive groups of at least |n/k| points each. The set of convex k-gons formed by
selecting one point in each group, consists of pairwise intersecting polygons and has size Q(n*). Thus each
such subset of &k points requires a distinct color.

Thereis ayet another graph which is worth exploring, suggested to us by Janos Pach. We say that two
segments cross if they have an interior point in common. For a set of points S, define the graph TV (S)
whose vertices are al the segments determined by pairs of pointsin S, two of them being adjacent if they
do not cross.

Define w(n) as the maximum of x (W (.S)) among sets .S of n points in general position, and define
we(n) analogoudly for pointsin convex position. We clearly have w.(n) < w(n). Observethat D(S) isa
spanning subgraph of W (S), so d(n) < w(n).

Theorem 3 For any n > 3 we have
(i) we(n) =0O(nlogn).

- l 1
(i) einlogn < w(n) < con? - %, for some constants ¢y, ca > 0.

2 Proof of Theorem 1

Lower bounds. A geometric graph G = (V, E) is a graph drawn in the plane so that the vertex set V'
consists of pointsin the plane, no three of which are collinear, and the edge set £/ consists of straight line
segments between points of V' (cf. [PA95]).

Theorem 4 (G. Kérolyi, J. Pach and G. Téth, [KPT97]) If the edges of a complete geometric graph on n
vertices are colored by two colors, there exist L”T“J pairwise disjoint edges of the same color.
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To prove alower bound of 2| L | — 1 on d.(n) and d(n), consider aset S of n in general position in
the plane. Let C1, Cs, . .., Cy, beak-coloring of D(.S). Consider the following bipartition of the segments
with endpointsin S:

AZClLJCQ...UCL%J, BZC\_%J_HU...UC]C.

Since either A or B must contain L"T“J disoint edges (by Theorem 4), which must in turn belong to
different color classes, we get

k n+1

— > ,

2|~ 3

For points in general position, we show a better lower bound of 5[ % ]. First note that for any positive
integers ¢ and j, suchthat n > ¢ - j, we have d(n) > i - d(j), Since we can use place i copies of j points
such that the convex hulls of the j-sets are pairwise digoint, and the resulting set isin general position. Set
i = |%]andj = 7, and consider the configuration of seven points shown in Fig. 1, with four points as
vertices of arectangle and three points inside the rectangle and close to the middle points of three rectangle
sides.

The case analysis below shows that the chromatic number of the segment disjointness graph of the
configuration in Fig. 1is at least five, hence d(7) = 5. Assume for contradiction that four colors, say
green, blue, red and purple, are sufficient.

from which the bound follows.

4 3

1 2

Figure 1: A configuration of seven points: proof of the lower bound on d(n).

Case 1 Thetriangle with vertices 5, 6 and 7 is monochromatic, say green: 56, 57 and 67 are green. Color
12 with blue and 34 with red.

Case 1.1 15 isblue. Then 27 must be colored purple, 45 red, and 37 purple. The segment 26 cannot
be colored with any color, which is a contradiction.

Case 1.2 15 ispurple. Then 37 must be colored red, 45 purple, 27 blue, 26 blue, and 16 cannot be
colored, again a contradiction.

Case 2 The triangle with vertices 5, 6 and 7 is bichromatic, having the segments 65 and 67 of the same
color: say 65 and 67 are green, and 57 isred. Color 12 with blue and 34 with purple.

Case 2.1 45 isred. Then 27 must be colored blue, 37 purple, 15 red, 16 green, and 14 cannot be
colored, contradiction.

Case 2.2 45ispurple. Then 23 must be colored blue, 15 red, and 37 cannot be col ored, contradiction.



Case 3 The triangle with vertices 5, 6 and 7 is bichromatic, having the segments 56 and 57 of the same
color: say 56 and 57 are green, and 67 isred. Color 12 with blue and 34 with purple.

Case 3.1 45 isgreen.

Case3.1.1 14 isblue. Then 27 must be colored red, 26 red, 37 purple, 46 green, 15 blue, 23
purple, 16 blue, and 47 cannot be colored, contradiction.

Case 3.1.2 14 ispurple. Then 35 must be colored green, 37 red, 26 blue, 15 green, 46 purple,
36 red, 16 blue, and 27 cannot be colored, contradiction.

Case 3.2 45 ispurple. Then 37 must be colored red, 23 blue, 15 green, 14 purple, 26 blue, and 16
cannot be colored, contradiction.

Case 4 Thetriangle with vertices 5, 6 and 7 is trichromatic, say red, blue and green. It is easy to see that
segments 12 and 34 are digoint and need two new colors. We have obtained again a contradiction.

By symmetry with Case 3, the case when the triangle with vertices 5, 6 and 7 is bichromatic, having the
segments 75 and 76 of the same color, is omitted.

Observations. A weaker lower bound of 251 on d..(n) and d(n), follows immediately from the fact that
any geometric graph with n vertices and at least n + 1 edges contains two disjoint edges [HP34] (see also
[PA95)]).

It is likely that our lower bound on d(n) can be improved using another “small” point configuration,
having more points than the one in Fig. 1.

Upper bounds. Let S be aset of n pointsin general position in the plane and D(.S) its corresponding
digointness graph. Since D(.S) is a subgraph of K(n,2,1), the upper bound of n — 2 on x(K(n,2,1))
appliesto both d.(n) and d(n) aswell. To be precise, the coloring is as follows: arbitrarily label the points
with {1,2,...,n};fori = 1,2,...,n — 2, color al segments (i, j), wherei < j, using color 7; use color
n — 2tocolor (n — 1,n) aswell.

We now prove the upper bound for pointsin convex position. Given aset S of pointsin convex position,
we define the boundary-distance between any two paoints p,q € S as the minimum number of edges
between p and ¢ on the boundary of the convex hull of S; that is, d(p,q) = 1 if p and ¢ are adjacent, and
so on. Label the n points which define D(n) as{1,2,...,n}. In order to produce the required coloring of
D(n) we proceed recursively. For r < n, let D(n,r) be the subgraph of D(n) induced by the segments
(4,7) such that d(i,7) > r. Noticethat D(n,0) = D(n) and that D(n,r) isempty if » > n/2. The key
point is the following claim.

Claim 1 If D(n,r) can be colored with ¢ colors, then D(2n,r — 1) can be colored with ¢ + n colors.

Proof. Assumewe haveac-coloringof D(n, ). LetT beaset of n new points such that SUT" isin convex
position and the pointsof S and T" alternate along the convex hull. Thatis, werelabel S = {1,3,...,2n—1}
and T = {2,4,...,2n}. Then we can consider D(n, ) as asubgraph of D(2n,r — 1), the latter being
definedon SUT = {1,2,...,2n}. Our task isto color the sesgments of D(2n,r — 1) notin D(n, r) with
only n additional colors.

For a(new) pointz € T, let 2’ = x — (r — 1) if riseven, and 2’ = x — r if r is odd, where additions
are here and in what follows modulo n. Notice that in both cases 2’ € S. Also, let 2/ = x — r and notice
that 2 = 2/ if r isodd (see Fig. 2 for an example). Define also the sets of segments

Ay = {(x,x”)} U {((L‘,y) ’d(l’,y) 27T+ 1}7
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Figure 2: Pointsin .S are white, pointsin T are black. Sets A, are drawn with solid lines, sets B, with
dashed lines.

where the boundary-distance d(x, y) iswith respectto S U T', and

B _ {2 +7), (@ 2" +r+2),..., (2" +2r)} for r even,
T A{@ 2 +r+ 1), (@2 +r+3),..., (22" +2r)} forr odd.

Finally, set C, = A, U B,. Notice that segmentsin B, always join pointsin S. It isimmediate to check
that any two segments of C, intersect, so that C, isan independent setin D(2n,r — 1) and can be colored
with asingle color (refer again to Fig. 2).

Then the coloring of D(2n,r — 1) isasfollows. Start with point 2 € 7" and color C with anew color.
Then color C with a second new color, and continue in this way up to Cs,,, using atotal of » new colors.
At some point, we shall be coloring a segment in some C,, aready colored in a previous step; it does not
matter, the segment gets the last color received in the process. Since this is a correct coloring scheme, it
only remains to see that all the sesgmentsin D(2n,r — 1) have been colored. There are three cases.

1. Segments joining points in S at boundary-distance greater than 2 + 2 are already colored by the
initial coloring of D(n,r).

2. Segments joining points in 7" belong to one of the A, and have been colored; the same applies to
segments (4, j) withi € S, 5 € T'and d(i, j) > r.

3. Finaly, segments joining pointsin S at boundary-distance at most 2r belong to one of the B, and
have been colored.

This concludes the proof of the claim. O

To prove the upper bound, suppose first that n is power of 2: n = 2%, where k > 2. Let = be the
smallest positive integer for which z > 2+~ /2 = 2k—=—1,

Clam2 z <k — [logk] + 1.
Proof. Itisenough to show that for z = k — [log k] + 1, we have

x> 2]’67{[71 (1)



(since LHSisincreasingin z, and RHSisdecreasing in x). Let k = 2P + r, wherel < r < 2P, andp > 1.
Then (1) isequivalent to
k— [logk] + 1 > 2lloskl=2,

or
24y —p—1+1>207172

This amounts to verifying that 2~ > p — », which followsfrom 2P~ > p —1 > p —r. ]

Notice that by the choice of =, D(2¢~ ) is empty. Applying Claim 1 repeatedly, we arrive at a
coloring of D(2*,0) = D(n) using anumber of colors not more than

2]671 + 2]672 + .. + 2]6*1‘4’1 + 2]67.% — 2]€ _ 2]€7I.

By Claim 2,
ok—z 2k—k+[logk]—l _ 2ﬂoglﬂ—1 > gloghk—1 _ E
p— pu— 2 .
Hence the total number of colors used isat most 2 — k/2. Thusfor n = 2F,
k logn
dc(n)§2k—§:n— g .

For general n, let k = |logn| and m = n — 2*. We can color D(2*) with at most 2* — k/2 colors and
use m additional colors for the segments with endpoints in the m additional points. The total number of
colors used is not more than

Finally we treat the case where S is a set of n points in general position. By the well-known Erdés-
Szekeres theorem, .S’ contains a subset S’ of pointsin convex position, where m = |S’| > logn/2. By the
previous proof, we can color the induced subgraph D(S”) of D(S) with m — |logm|/2 colors. For every
point z in S\S” we choose a new color ¢, and all edges incident with x are colored with ¢,.. This gives a
legal coloring of D(.S). The total number of colorsused is

(m— Uogmj) n—m)=n— Uog2mj <nt |loglogn|

1
2 - 2 2 ’

and the upper bound in (ii) follows.

3 Proof of Theorem 2

Two segments can intersect either at an interior point or at a common endpoint. Thus for pointsin convex
position, the clique number of 1(S) satisfiesw(1(S)) > n. Indeed, if p isan arbitrary point of S, denote
by a and b its two adjacent vertices in say, clockwise order; then the set of n — 1 segments adjacent to p,
together with the segment (a, b) formsaset of n pairwise intersecting segments. Thisprovesthat i.(n) > n
andi(n) > n.

Next we show the upper bounds. First we analyze the case of pointsin convex position and verify that
ic(n) < n. We make use of the following well-known fact.

Lemma 1 The edge set of a complete geometric graph whose vertices form a regular n-gon can be parti-
tioned into n matchings, each consisting of parallel segments.
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Since the crossing pattern of the edge set of a complete geometric graph whose vertices are in convex
position is the same as the one of aregular polygon, the upper bound follows.

For points in general position, we prove that i(n) = O(n?/2), by using another result on geometric
graphs.

Theorem 5 (G. Toth, [To00]) For any j < n/2, a geometric graphs on n verticeswith no j + 1 pairwise
disjoint edges has at most 2?j2n edges.

(Theorem 5 improved on previous bounds where the dependence on j wasin the fourth [PT94], and respec-
tively in the third power [TV 99].)

Start with the complete geometric graph G on a given set of n points, and repeatedly remove a large
(independent) set of pairwise digoint edges, until the graph becomes empty. Color each such set using a
different color. Thisisavalid coloring and it only remains to show that the number of independent sets can
be bounded as claimed.

The process consists of at most [log (n?)] steps, numbered withi = 2. .. [log (n?)] + 1. In step 4,
the current graph, still denoted by GG, has m edges, where

2 n2

n
§<m§ 2i—1' (2)

. n

and apply Theorem 5, to find and remove j + 1 digoint edges. This is done repeatedly until m fails to
satisfy (2), and the process continues with step i + 1.
The number of independent sets of edges removed in step 7 is at most

2 -1
5 (i) —nvasa

Hence the total number of colors used is not more than

ny/n2°/? i 272 = O(nv/n).

1=2

Observations. Let ex(n) be the smallest number such that any geometric graph with n vertices and
m > er(n) edges contains k + 1 pairwise digoint edges, where & < n/2 (cf. [TV99, To00]). The best
lower bounds on ey, (n) are ex(n) > kn [Ku79], and ex(n) > 3(k — 1)n — 2k2 [TV99]. Assuming that
ex(n) = O(kn) holds, and using this bound instead of the bound e, (n) = O(k?n) we used in the proof of
Theorem 2, would give i(n) = O(ZZ;"g”2 n) = O(nlogn), which is still above our linear lower bound.

Infact, it is reasonable to expect that one can partition the set of edges of a complete geometric graph
into a small humber of non-crossing matchings (composed of pairwise digoint edges), if the process is
carried out carefully, and does not make use of the bound in Theorem 2, which holds for any geometric
graph with sufficiently many edges. However, this goa remained elusive to us.

A simpler recursive decomposition scheme which gives a somewhat weaker upper bound i(n) =
O(n'83) ~ O(n'"Y) is as follows. It is enough to prove such an upper bound on b(n), the number of
non-crossing matchings into which the edge set of acomplete bipartite graph can be partitioned, with parts
containing |n/2] and [n/2] vertices respectively, and in which the two parts are separated by aline. We
proceed asfollows. Let [ be avertical line which yields a balanced partition of S, and h another line which
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simultaneously cuts the two sets, on the left and right sides of [, into two halves of equal size (see Fig. 3).

<3 ([3])

Then b(n) satisfies the recurrence

which yields the claimed bound.

Figure 3: A recursive decomposition scheme for the edges a complete bipartite geometric graph.

4 Proof of Theorem 3

The upper bound w.(n) = O(nlogn) follows from the following explicit coloring. Assign a different
color to each edge of length 1 (the length of a segment is the boundary-distance between its two endpoints,
asin Section 2). Next group the edges of length 2inn /2 crossing pairs and assign anew color to each pair.
Proceed in thisway until al edges of length n/2 get the same color (for simplicity we are ignoring integer

parts). The total number of colorsusedisn + (n/2) + (n/3) + - -- = ©(nlogn).
We now prove that w.(n) = Q(nlogn). Let us consider any valid coloring C of W (.5), let ¢ be the
number of colorsin C. Let ustake as colors the integer numbers1,...,c. Foreachcolori =1,...,¢, let

S; be the set of segmentsin C with color i, and let L; be the finite ordered sequence of their lengths. Notice
that every lengthin L; isat least | L;|, because a segment of length ¢ can participate in families of at most ¢
pairwise crossing segments. Let F; = {L4,..., L.} bethe set having as elements these sequences.

Observe that a similar construction for the explicit coloring scheme described in the first part of this
proof in order to establish the upper bound would give the set of sequences

F={{1},{1},...,{1},{2,2},{2,2},...{2,2},{3,3,3},... }

(assuming that n is even, as otherwise we would have a {2} aone, and similar integer part considerations
would apply to the other numbers).

From F; we define a second set F»> having as elements sequences of integer numbers as follows. Let
F/ be the subset of elements of F; which are sequences that contain the integer number 2; some of them,
say atotal of v, will contain one 2 and possibly some other integer different from 2, and some of them, v,,
will contain exactly two 2's (therefore | F{| = v; + v2). Let s be the number of integers different from 2
involved in sequences belonging to F7, and notice that s < v;. We replace these v, + v2 Sequencesin Fy
by forming [(v1 + 2v9)/2] pairs with the 2's (leaving possibly one 2 alone) and forming [s/2] pairs with



the elements different from 2 (leaving possibly one of them aone); i. e., wereplace {2}, {2} by {2,2} and
{2,a},{2,0b} by {2,2},{a,b}. Aswe have

v1 + 2v s v + 2v v
{ ! 21+H < [ ! ﬂjﬁ—ﬂ <o +wve 1,

2 2 2 2

we see that ’F2| < ‘F1| + 1.

Notice that we do not claim that the new set F5 corresponds to any coloring of W (S), it isjust a set of
sequences of numbers in the abstract sense. Nevertheless the crucial property that each number ¢ does not
belong to a sequence of length greater than ¢ is maintained.

From F, we define again anew set F3: Let F, be the subset of elements of F, which are sequences
that contain the integer number 3; some of them, say atotal of w,, will contain one 3 and possibly some
other integers different from 3, some of them, w,, will contain two 3's and possibly some other integer, and
some of them, w3, will contain exactly three 3's. Let s be the number of integers different from 3 involved
in sequences belonging to F%; by the definition we have s < 2w; + wy. We replace these wy + wa + w3
sequencesin Fy by forming [(w; + 2ws + 3ws)/3] triplets with the 3's (leaving possibly one group with
one or two of them) and forming [s/3] triplets with the elements different from 3 (again leaving possibly
one group with one or two elements). Aswe have

3 3 3 3

{wl +2w2+3w3-‘ N [;’)1 < ﬁwl + 2ws —|—3w3-‘ N {21111 + wo

-‘ <wp +wy +w3+ 1,

weseethat |F3| < |Fa| + 1 < |Fi| + 2.

Iterating this process for the lengths 4, . . ., [n/2|we would end up with the set of sequences F'. There-
fore c + [n/2] € Q(nlogn), for any valid coloring C of W(S), where |C| = ¢ and hence w.(n) €
Q(nlogn) as claimed.

A subquadratic upper bound on w(n) isimplied by a result analogous to Theorem 5 (below), and the
proof is similar to that of the upper bound on i(n) in Theorem 2.

Theorem 6 [PA95] For any j < n/2, a geometric graphs on n vertices with no j + 1 pairwise crossing
edges has at most 3n(10 log )% 2 edges.

Start with the complete geometric graph GG on a given set of n points, and repeatedly remove a large
(independent) set of pairwise crossing edges, until the graph has roughly »n7/* edges (this threshold is quite
arbitrary). Color each such set using a different color. Then color the remaining edges each with a new
color. We obtain in thisway avalid coloring.
The process consists of at most |log (n/4)] — 1 steps, numbered withi = 2,. .., [log (n/4)]. In step
1, the current graph, still denoted by GG, has m edges, where
2 2

n < n
§<m_2i_1.

. logn
J= 8loglogn

and apply Theorem 6, to find and remove j + 1 pairwise crossing edges. This is done repeatedly until m
failsto satisfy (3), and the process continues with step ¢ + 1.

Without loss of generality we can assume that n > 216, A straightforward calculation shows that for
i=2,...,|log(n/4)], we have

3)

n? 2j—2
o9 > 3n(10logn)™ .
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The number of independent sets of edges removed in step 7 is at most

n? logn -1
2¢ \ 8loglogn ’

so the total total number of colors used is at most

3 <Z2l> W2 loglogn _0 <n2 ‘ 10glogn> '
P logn logn
After stepi = |logn/4|, the number of edges of G is at most

_n < on™/4
ollogn/a] = <"

asrequired. This completes the proof of Theorem 3.
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